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Gaussian Mixture Models Gaussian Mixture Models

® Fuzzy C-Means is “OK” as a non-crisp clustering alg. but (as K-
Means) favors spherical clusters 2 better approaches

® Example: Gaussian Mixture Models (GMM)

» Linear combination of Gaussians
K K

p(z) = Z ’rrkN(a:\pk,)Zg&) where Z =1, 0<m, <1
F=1 T k=1

- parameters to be estimated
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® Fuzzy C-Means is “OK” as a non-crisp clustering alg. but (as K-
Means) favors spherical clusters 2 better approaches

® Example: Gaussian Mixture Models (GMM)

» Linear combination of Gaussians
K K

pla) = Y mN(zlpg, ) where D my =1, 0<m <1
4 k=1 k=1

ﬁ[s is usually written as p(x|®) denoting the dependency on
the parameters 0 = {m,, iy, Zk}{;ce{l,z _____ &)

Writing this as a conditional prob[?:‘ibﬂfty makes sense in
connection with Bayesian Machine Learning (see [8])

k) 05 1 [©]

¢ Fuzzy C-Means is “OK” as a non-crisp clustering alg. but (as K-
Means) favors spherical clusters - better approaches

® Example: Gaussian Mixture Models (GMM)

« Linear combination of Gaussians b
K K
p(x) = Z TN (|, 1) where Z m,=1, 0<m <1
4 k=1 k=1

t?Zs is usually written as p(x|®) denoting the dependency on
the parameters © = {m;, u, Ek}{;ce{l,z,...,f«.’}}

Writing this as a conditional probability makes sense in
connection with Bayesian Machine Learning (see [8])

k) 05 1 [O]



& . )
Gaussian Mixture Models

o e ] ,
Gaussian Mixture Models
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® For a distribution p(x|©) parametrized by a set of parameters ©
and iid data X = {x;, x5, ..., xy}, simple machine learning
corresponds to finding the © that best explains the data

®ia: Jidentically independently drawn" = p(X|0) = [[;p(x;|®)
® p(X|0) is called likelihood

° ,finding the © that best explains the data“:
Maximum Likelihood: @y;;, = argmaxg p(X|0) = Vg p(X|0) =0

® convenient: use log p(X|6) instead of p(X|6)
= log p(X|0) = ¥,;log p(x_i|©)

¢ Fuzzy C-Means is “OK” as a non-crisp clustering alg. but (as K-
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GMM:  plf)= p(x) =Y mNXpuEr).  0<m <l Y m=1

k=1 k=1
® 10fK K -dimensional binary random variable z
representation
P zr € {0,1}and )", 2 = 1 a

plzr = 1) = m

K
p(z) =[] =i*
k=1

K
® conditional p(x|zi = 1) = N(x|py., Zi) p(x|z) = [ NV (el g, i)
probability k=1

K
p(x) = Zf(z)p(xlzj = AZ TN (x|t Sie)
z e e=1
p(x2)
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probability k=1
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Responsibilities
P (e = Dplxlze = 1)

Ly
Zp i = Dp(x|z = 1)

7(&.:\1 (x| pep, i)
K

ZWJN(x\ﬂj.zj)

j=1

Yz) =plz = 1x) =

remark: If we have several observations x, . ..
then, because we have represented the marginal distribution in the form p(x)
>, p(x, z), it follows that for every observed data point x,, there is a corresponding

latent variable z,,

p(x ZP Z)p XIZ ZmN (x| e, i)
{X 2)
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® Responsibilities

P(Zk = 1)p(x|z = 1)

Y(2k) = plax = 1|x) =

Zp = Dp(x|z; = 1)

7r,,.,\f (x|, i)

K
anN(me.E

=1

® Example

0.5

@, .
wiVIM-Basics

) AT
Responsibilities
P (e = Dplxlze = 1)
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® T ) AT
Responsibilities Responsibilities
P (s = plxlze = 1) P (e = Dplxlze = 1)

Y(zk) = plax = 1|x) = Y(zk) = plze = 1|x) =
Zp = 1)p(x|z; = 1) Zp = 1)p(x|z; = 1)
: 'JT;,-;\J (x| g, i) - m;\! (x|py, i)
K ' o <
anN(x|pJ.BJ) ZWJN(x\ﬂj.zj)
=1 j=1
® Example ® Example
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® Responsibilities (o = Dplxlza = 1) K K
Y(zk) =plzr =1x) = P zp = 1)p(X|zp = GMM: p{kx‘g), p Zm.}\f X\MA.ZA) D<sm <1 Z”’* =
k=1 k=1
Zp i = 1)p(x|z; =1)
B ?T:.-a\f (x| gty ) ® 10ofk K -dimensional binary random variable z
K ' representation . B
3w (xl. B5) z € {0,1}and 3, 2
= p(zk = 1) = m,
K
- p(z) =[] =i*
k=1
remark: If we have several observations xi, ..., Xy,

then, because we have represented the marginal distribution in the form p(x) =
>, p(x,z), it follows that for every observed data point x,, there is a corresponding
latent variable z,,. K
p(x) = Z{(z)p(ﬂz); D N (x| g, )
z A

\ k=1
0 0.5 | 0 0.5 1 0 0.5 1
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i K
GMM:  plf)= p(x) = Y mNXpuEp).  0<m <l Y m=
=1 k k=1
® 10fk K -dimensional binary random variable z

representation 2 € {0,1} and Z:.— = 1

p(zk = 1) = m;

K
— p(z) = H Tk
k=1

remark: If we have several observations x, . .
then, because we have represented the marginal distribution in the form p(x)

>, p(x, z), it follows that for every observed data point x,, there is a corresponding

XN

latent variable z,,. K
p(x) =Y p@)p(x|z) = > mN (x|, )
5 - / k=1
Y
p(xz)
o0& .
GwMM-Basics

Maximum likelihood (GMM)
N K
Inp(X|m, p, ) = Z In {Z TN (X0 | 120 Ek)}
L
k=1

~ —
-y, =l

.
.

" Vectorof K D-dim. means Hy
Vector of K DxD covariances X,

® maximizingw.rt m, pandL >

N N

1 1 -
My = E Z”f(znk)xn E.L- = - Z"‘f(:”k){x” — ‘,LA_)(X,, - [J,;‘,)I

n=1 n=1

N .
J\' k

( Ny, = Z ?‘(:nk)-) M = N

n=1

H & )
wiVIM-Basics

Maximum likelihood (GMM)
N K
Inp(X|m, p, X) = Z 1% {Z TN (X, | Ly Ek)}
AN P

n=1

-

.
" Vectorof K D-dim. means Hy

Vector of K DxD covariances X

® maximizingw.rt 7, uand >

N N
1 1 « -
My = E Zn."(znk)xn EA- = N, Zﬂ.'(:nk)(xu - pu'l.-)(xri - bu’k)l

n=1 : n=1

N .
J\‘ ke

( Ne=3Y ’;‘(an)-) TSN

n=1

C .
wiVIM-Basics

p(ze = Dp(x|z = 1)
K
> bz = Dp(x|z; = 1)
j=1

TN (x|, B

K .
ZWJN(x\ﬂj.zj)

j=1

® Responsibilities

Yz) =plz = 1x) =

0 0.5
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Maximum likelihood (GMM) °n ibilit
esponsibilities

N K
l]_]])(X‘ﬂ'. u‘;\z) = Z In {Z ﬂ-kj\f{x” |I‘LI.-' EL)} J(zf\‘) — P(Z}.. = 1|X) —
3y k=1

n=1

I_J(Zk = Dp(x|zx = 1)

K
> bz = Dp(x|z; = 1)
j=1

_
.

" Vectorof K D-dim. means Hy _ N, Bi)

] N K ) )
Vector of K DxD covariances X ZWJN(X\ T
j=1
® maximizingwrt m, gand L > ® Example
1w 1 N
— e -
e =N, %i_; 12k ) X = N, HZ_:]?'(:”A-){XH = 1) (Xn — 1)
N r
( Ve =3 2 (zui) ) . %
n=1 iy
0 0.5 I 0 0.5 1 0 0.5 1
H& ) @, )
GMM-Basics GMM-Basics
Maximum likelihood (GMM) Maximum likelihood (GMM)
N K N K
np(Xlmw, p, X)) = In TN (%0 o, B Inp(X|m, pn, 2) = In TN (x| g, ik
np(Xim, %) = 3 {; RN u} np(Xfm %) =3 {; RN m}
" Vectorof K D-dim. means g " Vectorof K D-dim. means Hy
Vector of K DxD covariances X, Vector of K DxD covariances X
® maximizingw.rt m, pandL > ® maximizingw.rt 7, uand >
1 1 < 1 o 1
By = J\!"\_ ;H"(:”"")x” E.’-' —_ Afk Z:]T'(:nk){xu - ”A-)(xu - !—"L-)l Ky, = J\'Yk ;ﬂ’.(;”k)x” EA- —_ -NA- Z_:l".(:nk)(xu - pu'.l.-)(xn - #’J.»)[

(v =i"-'(:~*-)-) xn = F (i =i~'{:,,z-).) o = Nk

n=1 “‘\‘ n=1 A"\"



O & .
uMM-Basics

. . R N K
Maximum likelihood (GMM) Inp(X|r, p, ) = Zl“ {me\f(x,,.lm.ﬂk)}

n=1 k=1

N /
1 N

My = ﬁ Z"ﬁ(:n.‘\')xn b ¥ = l. Z".-(:'m’c)(xu - ’J'J.‘)(x" - "”-’-‘)T

n=1

( Ny = i":(:nk)-) T = \\A

n=1 Fa

H & i
wiVIM-Basics

Maximum likelihood (GMM)

n=1 k=

N 7
1 N

Ky = ﬁ Z","(':nk)xn 2_1‘. = ! Z":(—:nk)(xu - ”A-)(x'? - H’F-')T

n=1 Nk

N Y
( N, = Z "“{:nl')') Ty = .'\f\

n=1 iy

N K
Inp(X|mw, p, X) = Z ln[%{z TN (%5 0y, i)

1

}

® so what?! & Problem: Expr. depend on 7(zuk) which depends on , o,
which depends on 7(z,,x) which depends on .....

® so what?! & Problem: Expr. depend on 7(Znx) which depends on , X

which depends on 7(z,.x) which depends on ...

® Idea: Alternating approach (EM-algorithm):

Step t: Evaluate 7(2uk)y using (m, . £) 4 )

Evaluate (m, 12, X),  using 7(2ni)y 4,

(t)
= & B - DataMining_MetricClustering.pptx - PowerPaint T E - O %X
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[ Meue Anzeigedauern testen | Anzeigedauern verwenden

® |dea: Alternating approach (EM-algorithm):

Step t: Evaluate 7(2uk )y using (m, 1, 32)

Evaluate (m, pt, Z})(t)

(1)

using 7(zuk )y 4,

H & i
wiVIM-Basics

Maximum likelihood (GMM)

n=1

N

N
1 1 -
Hr = J\T*_ Zﬂ"(:“k)x” 23“ - i Z""(:nk)(xu - ui.-)(xn - ‘-"A-)l

n=1

( Ny = iw{:,,l.),) . Ny

N
n=1 A‘\‘

N K
Inp(X|mw, p, X) = Z In {Z TN (%, |y, 2k)

k=1

}

® so what?! & Problem: Expr. depend on 7(Z.x) which depends on , >

which depends on 7(z,.x) which depends on ...
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_ i GMM-Basics
- Maximum likelihood (GMM S
30 = - ( ) Inp(X|m, p, E) = Lln Z’-‘FL-.\'(K.»‘.‘H-EA}
o »f n=1 k=1
- . L& L
- My = A znk)%n = — Yz (%0 — g ) (%0 — p23) T
31 = - Nie ; FT N ; ) M) (Xn = gy,
- - s .
it il T ( Ny ZZ’:('-».;-)-) T = ii'
= n=1 N
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- B ® so what?! > Problem: Expr. depend on 7(2.:) which depends onm, 11, 3
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B Idea: Alternating approach (EM-algorithm):
- Step t: Evaluate 7(vuk)y using (m,p1, 2) .,
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. ¥
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® |dea: Alternating approach (EM-algorithm):

Step t: Evaluate 7(2uk )y using (m, 1, 32)

using ﬂ.’(:u.[-')

Evaluate (m, 1, %) 0

®

(1)
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Maximum likelihood (GMM)

N
Inp(X|7, p,B) = In

n=1

{

K

Z Fk-"\"r(xn-luk' zfn)

k=1

}

GMM-Basics

Maximum likelihood (GMM)

N
mp(X|m, g, 3) = In

n=1

{

K

z TN (X5 | 10, i)

k=1

}

N N N N
] e 1 - 1 e 1 -
Hyi = i\‘rk ; f(~;ak)xr| E;‘. = ﬁ Zl"‘-(:,,;‘.)(x,, — [J,J")(Xn - P’.’.‘) My = *'\'Yk ; .'("vnk)xn 2_1‘- = ﬁ -~ T-(:;;L-)(xu - HL-)(xn - P’i.-)
N N
Ni. N
n=1 LV n=1 LN

® so what?! & Problem: Expr. depend on 7(zuk) which depends on , o,

® so what?! & Problem: Expr. depend on 7(Znx) which depends on , X
which depends on 7(z,.x) which depends on

which depends on 7(z,x ) which depends on ...k

® Idea: Alternating approach (EM-algorithm): ® |dea: Alternating approach (EM-algorithm):

Step t: Evaluate 7(2uk)y using (m, . £) 4 ) Step t: Evaluate 7(zui)y using (m, . ) ¢,

Evaluate (=, pt, Z)(t) using v(z,k )(t) Evaluate (m, 1. %)

iy USing 7 (zux)

®

GMM-Basics GMM-Basics

Maximum likelihood (GMM) Maximum likelihood (GMM)
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GMM-Basics

Maximum likelihood (GMM)

EM for Gaussian Mixtures

Given a Gaussian mixture model, the goal is to maximize the likelihood function
with respect to the parameters (comprising the means and covariances of the
components and the mixing coefficients).

|. Initialize the means g, covariances X, and mixing coefficients ., and
evaluate the initial value of the log likelihood.

2. E step. Evaluate the responsibilities using the current parameter values

"T}"-"\Il—(xn “—L,',-- EL)

K ’ %
ﬁ_,‘,‘\‘r()(,! ““t‘_)' E) )
1

A.‘(:uk) = (923)

J=

EM-algorithm: General View

¢ Having latent variables Z , ML becomes
Inp(X|0) = In {Z,)(X.Zf))}
Z

® Summation inside In > Problems |

® If we knew the complete dataset {X, Z} (and thus the distribution

p(X, Z|8) ), we could use ML to solve for & with p(X, Z|8) directly (which is
easy, as we will see, because p(X, Z|8) is of exponential family (the functional
form is known!!)

&

® we only know p(Z|X,8) (= responsibilities, as we will see) - compute

expectation of (unknown) quantity p(X, Z|8) or even better of the quantity
Inp(X,Z|8)

EM-algorithm: General View

° Having latent variables Z , ML becomes

Inp(X|0) = In {ZP(X. z!m}

I Z

® Summation inside In = Problems |

® If we knew the complete dataset {X, Z} (and thus the distribution
p(X,Z]|8) ), we could use ML to solve for & with p(X, Z|&) directly (which is

easy, as we will see, because p(X, Z|8) is of exponential family (the functional
form is known!!)

® we only know p(Z|X,8) (= responsibilities, as we will see) - compute

expectation of (unknown) quantity p(X,Z|€) or even better of the quantity
Inp(X, Z|8)

EM-algorithm: General View

¢ Having latent variables Z , ML becomes

111,)(X|9;%: In {Z,)(X.Zf))}

Z

® Summation inside In > Problems |

® If we knew the complete dataset {X, Z} (and thus the distribution
(X, Z|8) ), we could use ML to solve for & with p(X, Z|8) directly (which is

easy, as we will see, because p(X, Z|&) is of exponential family (the functional
form is known!!)

® we only know p(Z|X,8) (= responsibilities, as we will see) - compute

expectation of (unknown) quantity p(X, Z|8) or even better of the quantity
Inp(X,Z|8)



EM-algorithm: General View

° Having latent variables Z , ML becomes

Inp(X|0) =1In {Z;)(X. Z|9)}
Z

&

® Summation inside In = Problems |

® If we knew the complete dataset {X, Z} (and thus the distribution

p(X, Z|8) ), we could use ML to solve for & with p(X, Z|8) directly (which is
easy, as we will see, because p(X, Z|8) is of exponential family (the functional
form is known!!)

® we only know p(Z|X,8) (= responsibilities, as we will see) - compute
expectation of (unknown) quantity p(X,Z|€) or even better of the quantity
Inp(X, Z|8)

EM-algorithm: General View

¢ Having latent variables Z , ML becomes

Inp(X|0) =1 (X,Z|0
np(X|9) 11{§p ki )}

Ry

® Summation inside In > Problems |

® If we knew the complete dataset {X, Z} (and thus the distribution

p(X, Z|8) ), we could use ML to solve for & with p(X, Z|8) directly (which is
easy, as we will see, because p(X, Z|8) is of exponential family (the functional
form is known!!)

® we only know p(Z|X,8) (= responsibilities, as we will see) - compute
expectation of (unknown) quantity p(X, Z|8) or even better of the quantity
Inp(X,Z|8)

GMM-Basics

Maximum likelihood (GMM)

EM for Gaussian Mixtures

Given a Gaussian mixture model, the goal is to maximize the likelihood function
with respect to the parameters (comprising the means and covariances of the
components and the mixing coefficients).

1. Initialize the means g, covariances X, and mixing coefficients ., and
evaluate the initial value of the log likelfhood.

2. E step. Evaluate the responsibilities using the current parameter values

mN Gl Be) - - (g3

K
> wN (xal iy, %))
=1

':i{:u.'\') -

GMM-Basics

® Responsibilities

plz = Dp(x|z = 1)
K
ZP(:,; = 1)p(x[z; = 1)
j=1

N (x| ey X))
K )
> N (xlpy, 2))

j=1

Y(zi) = plzp = 1|x) =




EM-algorithm: General View EM-algorithm: General View

® Having latent variables Z , ML becomes ® alternating EM:
- . E-Step:
Inp(X|0) =1 (X,Z|0 L
Il[’( 1 ) Il{g.") | )} Compute Q(G.O“M]:L[J[Z X.f)"l‘i)lnp(X.Zﬂ).
Z
°® o M-Step: o old
Summation inside In = Problems | """ = arg max Q(8,0"").
compute e -

® If we knew the complete dataset {X, Z} (and thus the distribution

p(X, Z|8) ), we could use ML to solve for & with p(X, Z|8) directly (which is
easy, as we will see, because p(X, Z|8) is of exponential family (the functional
form is known!!) '

K s

® we only know p(Z|X,8) (= responsibilities, as we will see) - compute

expectation of (unknown) quantity p(X,Z|€) or even better of the quantity

Inp(X, Z|8)

EM-algorithm: General View EM: Relation to K-Means ,
that is why K-
Means favors

~ spherical

clusters

° Having latent variables Z , ML becomes ® If we use k Gaussians with ¥ = sI[%

Inp(X|0) = In {ZP(X. 70)

Z

, | L .
} px| e, 2g) = (*.’ 172 exp {_Z |x — . ||*

® we get for the responsibilities:

® Summation inside In > Problems ! - 2 /o
s . (- L) = T CXP { Xn — I—"}H ,-"—"_}
I Z, Tj XP {71|x” — W 1'-’f?r}

® If we knew the complete dataset {X, Z} (and thus the distribution
p(X,Z]|8) ), we could use ML to solve for & with p(X, Z|&) directly (which is
easy, as we will see, because p(X, Z|8) is of exponential family (the functional

form is known!!) 1 MK
Ezlnp(X,Z|p, E, 7)] — 5 Z Z Pk || Xn — pg||* + const

“ n=1 k=1

¢ Letting € 2 0 and Taylor-Expansion:

® we only know p(Z|X,8) (= responsibilities, as we will see) - compute
expectation of (unknown) quantity p(X,Z|€) or even better of the quantity > same as on slide 18

Inp(X, Z|8)



EM: Relation to K-Means

that is why K-
Means favors
" spherical
clusters

!

1 ] .
(| _ - - 2
p(x|py, 2y) = (2me)1/2 exp L —._)6 || | }

® |f we use k Gaussians with ¥ = gl: «

® we get for the responsibilities:

T exp {—||xn — pep||?/2¢}

V(Znk) = —
32 mjexp { =xn — g2/ 2¢

¢ Letting € 0 and Taylor-Expansion:

N K
. 1 .
Ez[lnp(X, Z|p, 2, 7)] — 5 Z Z Pk || Xn — pig||* + const
n=1 k=1
- same as on slide 18
EM: Relation to K-Means et is why K-
Means favors
" spherical
] clusters

® |f we use k Gaussians with ¥ = l:“

1 [ 1 .
(el _ - - 2
p(x|py, Xg) = Grei/a &P | 5 1% = pl }

® we get for the responsibilities:

k ( ) T CXP { |Xn — Hy, Hj'/‘z(} §
T\ Znk) =
Z] Tj exp {—Hx” — K IE/"Q(}
® Letting € > 0 and Taylor-Expansion:
1 N K
Ez[lnp(X, Z|p, 2, 7)] — 5 Z Z Pk ||Xn — gy ||* + const
n=1 k=1

- same as on slide 18

EM: Relation to K-Means

that is why K-
Means favors
__— spherical
] clusters

!

1 | .
(| _ - - 2
pxliags Ba) = 15 exp { =l m-ll}

® |fwe use k Gaussians with ¥ = el:“

® we get for the responsibilities:

& (2f) = TE D {—llxn — pa5]|* /2€}
Y Znk) = > /¢
> ;T3 exXp f{fo,, — K \-,J'Zr}

¢ Letting € = 0 and Taylor-Expansion:
N K

. 1 .
Ez[lnp(X, Z|pw, B, )] — 5 Z Z Pk || %n — pai||* + const

“ n=1 k=1

- same as on slide 18

Real World Networks: Properties
and Models

Lecture will mostly follow [1], thus
corresponding citations are often omitted to
increase readability



Information Networks / Knowledge NW

Information Networks / Knowledge NW

® Most studied examples: citation NW (tree), the WWW;

® Example findings:
® p(k) of author having k papers: p(k) ~ k@ : power law

® distribution of in or out degrees of WWW pages (also for citation
NW): p(k) ~ k@

® Most studied examples: citation NW (tree), the WWW;

® Example findings:
® p(k) of author having k papers: p(k) ~ k= : power law

® distribution of in or out degrees of WWW pages (also for citation
NW): p(k) ~ k®

® Other examples:

¢ bipartite preference networks :
- recommender systems == link prediction on these NW;
example: collaborative filtering

¢ ontologies, semantic NW
® word networks

¢ tripartite tag/author/item networks
-> Folksonomies

Information Networks / Knowledge NW

® Other examples:

® bipartite preference networks :
- recommender systems == link prediction on these NW;
example: collaborative filtering

® ontologies, semantic NW
® word networks &

¢ tripartite tag/author/item networks
—> Folksonomies

Technological Networks

® Most studied examples: citation NW (tree), the WWW;

® Example findings:
¢ p(k) of author having k papers: p(k) ~ k@ : power law

® distribution of in or out degrees of WWW pages (also for citation
NW): p(k) ~ k@

® Other examples:

¢ bipartite preference networks :
- recommender systems == link prediction on these NW;
example: collaborative filtering

¢ ontologies, semantic NW
® word networks -

¢ tripartite tag/author/item networks
- Folksonomies I

® Most studied examples: distribution NW:
® the Internet,
® electric power grids, 1,
® traffic NW (roads, railway tracks etc.))

Biological / Chemistry / Physics Networks

® Most studied examples:
® biochemical pathways, gene-protein and protein-protein interaction NW
® nervous systems, vascular systems (also natural distribution NW),
® food NW, ecological dependency NW



Technological Networks

® Most studied examples: distribution NW:
® the Internet,
® electric power grids,
® traffic NW (roads, railway tracks etc.))

Biological / Chemistry / Physics Networks

® Most studied examples:

i
® biochemical pathways, gene-protein and protein-protein interaction NW

® nervous systems, vascular systems (also natural distribution NW),
® food NW, ecological dependency NW

Mean Average Path Length

(=)

FIG. 2 Three examples of the kinds of networks that are the topic of this review. (a) A food web of predator-prey Interactions
between species in a freshwater lake [272]. Picture courtesy of Neo Martinez and Richard Williams. (b) The network of
collaborations between sclentists at a private research institution [171]. (c) A network of sexual contacts between individuals
in the study by Potterat et ol [342].

Mean Average Path Length

(1]

® “Small World Effect”: I(n) “small” = I(n) € O(log(n))

® undirected graph:

1
- - N4
in(n -I&l) ; Y

formula also counts 0 distances fromitoi: 2 n(n+1) =% n(n-1) +n

¢ Expression allowing for disconnected components (where d;== can
occur): harmonic mean:

1
ffl - - Z dil
%n(n. +1) ”

iz

® “Small World Effect’: I(n) “small’ = I(n) € O(log(n))

® undirected graph:

1
(= ——) d;;
in(n+1) ; JI%V

formula also counts 0 distances fromitoi: “2n(n+1) =% n(n-1) +n

¢ Expression allowing for disconnected components (where d;=» can
occur): harmonic mean:



Mean Average Path Length

Transitivity / Clustering Coefficient

® “Small World Effect” I(m) “small” = I(n)e O(log(n))

® undirected graph:

1
{=+——— 1;
in(n+1) Z( !

i2]
formula also counts 0 distances fromitoi: 2 n(n+1) =% n(n-1) +n

® Expression allowing for disconnected components (where d;=« can
occur): harmonic mean:

Transitivity / Clustering Coefficient

¢ Clustering coefficient (whole graph):

I~
C=Cl— 3x number of triangles in the network

- - PFOAF)
number of connected triples of verticeg

6 x number of triangles in the network
- number of paths of length two

¢ Clustering coefficient (Watts-Strogatz-version, for node i):

number of triangles connected to vertex i

C, =

number of triples centered on vertex i
B | {e gy | Vie, Vj € Ny}
k;(k; -1)
2
Clustering coefficient (Watts-Strogatz-version, for whole graph):

1
" — (2) = - ,-'.1‘
C=(C0= -~ §i C

(see Introduction , k; = degree of node i)

mean of ratio instead of ratio of means

Transitivity / Clustering Coefficient s

® Clustering coefficient (whole graph):

C=(Cl— 3x number of triangles in the network

T T P(FOAF)
number of connected triples of verticeg

6x number of triangles in the network
- number of paths of length two

° Clustering coefficient (Watts—Stroga%tz—version, for node i):

v

number of triangles connected to vertex i

number of triples centered on vertex i

_ [{e gy | Vi,V %Ni}\
ki(k; -1)

2
Clustering coefficient (Watts-Strogatz-version, for whole graph):

1
= 2= =S¢
0= o=y

(see Introduction , k; = degree of node i)

mean of ratio instead of ratio of means

¢ Clustering coefficient (whole graph):

C=Cl— 3x number of triangles in the network

- - PFOAF)
number of connected triples of vertices

6% number of triangles in the network
- number of paths of length two

¢ Clustering coefficient (Watts-Strogatz-version, for node i):

number of triangles connected to vertex i

i

number of triples centered on vertex i
B | {e gy | Vie, Vj € Ny}
ki (k; —1)
2
Clustering coefficient (Watts-Strogatz-version, for whole graph):

1
“ —_ (2) = - .—'1‘
;C C - Z C

(see Introduction , k; = degree of node i)

mean of ratio instead of ratio of means



