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Organization: Exam Motivation

= Registration deadline:June 30

= Course ends: July 19

* Examination dates: t.b.a. (mid August)
® Oral team exam

= Sign up for a time slot starting from Mid July

= List will be placed on blackboard in front of our
secretary
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Motivation Visual Motion Estimation

Quick geometry recap

Image filters

2D image alignment

Corner detectors

Kanade-Lucas-Tomasi tracker

3D motion estimation

Angular and linear velocities Recap: Perspective Projection

= Linear velocity v = (v,,v,,v.)" € R

= Angular velocity w = (w,,w,,w.)" € R’

" Linear and angular velocity together form a
twist ¢ = (v, w")’




3D to 2D Perspective Projection Camera Intrinsics
* 3D point p (in the camera frame) = So far, 2D pointis given in meters on image
= 2D point x (on the image plane) plane
= Pin-hole camera model = But: we want 2D point be measured in pixels

(as the sensor does)
X=AX=0p

Remember, X is homogeneous, need to
normalize

- 8 (m/z)
Xx=\|vy = x=|.,.
. p y/z .
Camera Intrinsics Camera Intrinsics
= Need to apply some scaling/offset = Need to apply some scaling/offset
foos ¢\ /1000 fos e\ /1000
x=(0 f ¢|(0100]|D x=(0 f, ¢ |01 00]|p
0 0 1 0010 0 0 1 0010
illtril::i(:s K pr()j:*:t ion il]tl‘il:‘g(‘,h‘ K pr()j:;tiou
" Focal length f., f, " Focal length f., f,
= Cameracenter c;,c, = Camera center c,,¢,
= Skew s = Skew s

b s



Image Plane Image Functions
* Pixel coordinates x € (2 = We can think of an image as a function f: Q — R
= Image plane Q C R? = f(x) gives the intensity at position x
= Colorimages are vector-valued functions
" Example:
. 5 r(x)
= Discretecase x € [0,W) x [0, H) C Nj (x) = [ g(x)
(default in this course) J(x) = g(x)
X

= Continuous case x € [0, 1] x [0,1] C R?

b s
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Image Functions

= Realistically, the image function is only defined
on a rectangle and has finite range

fo[0,W —=1] x [0, H —1] — [0,1]
" Image can be represented as a matrix

= Alternative notations j
R’J f(l* }')a f(i"*. U) f(X), v o Z\ 3 | 138 | 137 | 139 | 45 | e | a9 | 1a7
often (ro[v,Iolumn) 1 | o P
N often (column,row)
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Digital Images

Light intensity is sampled by CCD/CMOS sensor
on a regular grid

Electric charge of each cell is quantized and
gamma compressed (for historical reasons)

V=B with 4 =22
CRTs / monitors do the inverse B = V7

Almost all images are gamma compressed

—> Double brightness results only in a 37% higher
intensity value (!)
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Rolling Shutter

Most CMOS sensors have a rolling shutter
= Rows are read out sequentially

Sensitive to camera and object motion

Can we correct for this?
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Aliasing

= High frequencies in the scene and a small fill
factor on the chip can lead to (visually)
unpleasing effects

= Examples
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Image Filtering

= We want to remove unwanted sources of
variation, and keep the information relevant for
whatever task we need to solve

fi.g) 9(i.j)

_—

= Example tasks:
de-noising, (de-)blurring, computing
%derivatives, edge detection, ...
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Linear Filtering

* Each output is a linear combination of all the
input values

Q(£~J) - Z h’(i:ja kv l)f(kal)
k.l

" |n matrix form

[ —
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Important Filters

Impulses
Shifts

Blur

= Gaussian

= Bilateral filter

= Motion blur

Edges

* Finite difference filter
= Derivative filter

= QOriented filters

= Gabor filter

mi...
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Spatially Invariant Filtering

= We are often interested in spatially invariant

operations
k.l
= Example
163 [ 168 | 188 | 196 | 206 | 202 | 206 | 207 1] 2 1
el L L - P
191|201 | 217 |220 12 | )
[y [299|203| 223|228
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Impulse
g(i,5) = Fxh=>_ h(i—k,j—1f(k1)
k.l
———
ofo|lfofo|o
ofo|lfofo|o
* olo|l1|o|o0| =
o|jo|0j0O |0
o|jo|0j0O |0
— h(i, j)
S ACY) 9(2,7)
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Image rotation

g(i,§) = fxh=>_ h(i—k,j—1)f(k1)
k.l

—
S
e
m— h(i, 7)
. S ])
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Gaussian Blur

= Gaussian distribution

(i.1) 1 i + 52
g \Ls 2mo? b 202

= Example of resulting kernel

Rectangular Filter

g(i.j) = fxh=> h(i—kj—1)f(k1)
k.l




Image Gradient

= The image gradient Vf = (df df) points in
the direction of increasing intensity (steepest

ascend)

Image Gradient

* Gradient direction (related to edge orientation)

df 8}‘)

gi(t 2

* Gradient magnitude (edge strength)

V5 = \/ (5) + ()

Visual Navigation for Flying Robots

Image Gradient

= The image gradient V = (df "f) points in
the direction of increasing intensity (steepest

ascend)

vi=(%0) vi=(0%) vi= (S{ i)

Dr. Jiirgen Sturm, Computer Vision Group, TUM

Image Gradient

How can we differentiate a digital image f(x,y)?

= Option 1: Reconstruct a continuous image, then
take gradient

= Option 2: Take discrete derivative (finite
difference filter)

= Option 3: Convolve with derived Gaussian
(derivative filter)
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Finite difference Second-order Derivative
* First-order central difference = Differentiate again to get second-order central
af fle+1,y) — fx—1,y) difference
. . T2 ~fle+1)=2f(x)+ f(x—1)
» Corresponding convolution kernel: X
Fla) 1 Corresponding convolution kernel:
s(x)
N T b
Example (Dense) Motion Estimation
g(i.j) = fxh=> h(i—kj—1)f(k1) = 2D motion
kel

= 3D motion
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Problem Statement

" Given: two cameraimages /o, /1
= Goal: estimate the camera motion u

*

= For the moment, let’s assume that the camera
only moves in the xy-plane,i.e., u= (uv)’
n %Extension to 3D follows

46 Dr. Jirgen Sturm, Computer Vision Group, TUN
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Error Metrics for Image Comparison

= Sum of Squared Differences (SSD)

Essp(u) =Y (filxi+u) = fo(x;)) =Y e

i i

with displacement u = (u v)"
and residual errors ¢; = fi(x; +u) — fy(x;)

Visual Navigation for Flying Robots

48 Dr. Jirgen Sturm, Computer Vision Group, TUM

General Idea

1. Definean error metric £(u) that defines how

well the two images match given a motion
vector

2. Find the motion vector with the lowest error

u’ = argmin £(u)
u

fo'
N

Visual Navigation for Flying Robots

Error Metrics for Image Comparison

= Sum of Squared Differences (SSD)

Essp(u) =Y (filxi+u) = fo(x:)" = ¢

i i

with displacement u = (u v)"
and residual errors ¢; = fi(x; +u) — fo(x;)

Navigation for Flying Robots



Robust Error Metrics Robust Error Metrics

= SSD metricis sensitive to outliers = Sum of Absolute Differences
= Solution: apply a (more) robust error metric
pSAD(e) - |6|

= Sum Of truncated errors
e? if le] < b
b? otherwise

Esgp(u) = Zp(ﬁ (x; +u) — folx) = Zp(e,»)

plrun(‘(e) —

= Geman-McClure function (Huber norm)

N 62
. ; phul_)er(e) = Tez/bz
Robust Error Metrics Windowed SSD
2
(e) = |mages (and image patches) have finite size
wmel€) —
207 5““'“(6) = Standard SSD has a bias towards smaller
huber\€) ——

overlaps (less error terms)

Solution: divide by the overlap area

Root mean square error

Erus(u) = / Essp/A




Exposure Differences

" Images might be taken with different exposure
(auto shutter, white balance, ...)

" Bias and gain model
fik+u)=(1+a)fo(x)+ 5

= With SSD we get
Epa(u) = > (filxi +u) — (14 ) fo(xi) + B)°

= Zozfg(x) +p—e
s i
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General Idea

1. Definean error metric £(u) that defines how
well the two images match given a motion

vector
2. Find the motion vector with the lowest error

u” = argmin F(u)
u

*

Visual Navigation for Flying Robots

Cross-Correlation

Maximize the product (instead of minimizing
the differences)

Ecc(u) = — Z Jo(xi) f1(x; + )

= Normalized cross-correlation (between-1..1)

Exce(u) =
B Z (fo(x;) — meanfy)(fi(x; +u) — meanf;)
{: var fovar fi

Finding the minimum

= Full search (e.g., £16 pixels)
= Gradient descent
= Hierarchical motion estimation

Navigation for Flying Robots Dr. Jirgen Sturm, Computer Vision Group, TUM



Hierarchical motion estimation Gradient Descent
(3)
= Construct image pyramid f (2) = Perform gradient descent on the SSD energy
27 ] .
50 function (Lucas and Kanade, 1981)
(1+1) AL = Taylor expansion of energy function

[ (x) & f;, (QXI) (s ar sl 2
ST ) Er ssp(u+ Au) = > (fi(xi +u+ Au) — fo(x;))
ST T F77TIT7T f ;

~ Z(fl(x,- +u) + Ji(x +u)Au — fo(x;))?

= Estimate motion on coarse level

= Use as initialization for next finer level = Z Ji(x +u)Au + ¢;)?
q(-1) 0 of, 0
\s-i Navigation for Flying Robots ’ (1_ Qu Dr. Jirgen Sturm, Computer Vision Group, TUM I}\t\“tthf ]l ()\(o':ot:'— U) Vfl (X! + U) Dr. ( Q:};] a.];l )( - + )
Least Squares Problem Least Squares Problem
" Goal: Minimize = Goal: Minimize
E(u+ Au) =Y (Ji(x; + u)Au+¢;)? E(u+ Au) =Y (Ji(x; + u)Au+e¢;)?
= Solution: Compute derivative (and set to zero) = Solution: Compute derivative (and set to zero)
OE(u+ Au) OE(u+ Au)
A = 2AAu+2b A = 2AAu+2b
with A = Z J! (x; +u)Jy(x +u) with A = Z J{ (x; +u)Jy(x +u)

.and b = ZCJI (x; +u) ,and b = Zch (x; +u)
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Least Squares Problem

1. Compute A,b from image gradients using

A ( )INEDY f".rfy) . (Z f. ff,)

wit, = 250 5 _ 05
and [ = E)féix) [ ~ fi(x) — fo(x)]

2. Solve AAu= —b
N = Au=-4"p

All of these computation
are super fast!

Visual Navigation for Flying Robots 60 Dr. Jurgen Sturm, Computer Vision Group, TUM

Optical Computer Mouse (since 1999)

= E.g., ADNS3080 from Agilent
Technologies, 2005
= 6400 fps
= 30x30 pixels
= 4 USD
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Covariance of the Estimated Motion

= Assuming (small) Gaussian noise in the images
f()hs(xi.) — ftruo(xi) + €
with ¢ ~ N(0,0%)

= ... results in uncertainty in the motion estimate
with covariance (e.g., useful for Kalman filter)

Y, =0°A"
[
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Image Patches
= Sometimes we are interested of the motion of

a smallimage patches

Problem: some patches are easier to track than
others

What patches are easy/difficult to track?
= How can we recognize “good” patches?

e
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Example Corner Detection
-2 9 .
" Let’s look at the shape of the energy functional A= ( 2. ;fﬁ“, 2 -f;’fy)
> foly Ty

= |dea: Inspect eigenvalues A;. A\; of Hessian A
= A1, A2 small = no point of interest
= )\, large, A\2small > edge

= A\, A2 large = corner
= Harris detector (does not need eigenvalues)
Mo > K (A + Ao)? & det(A) > & trace®(A)
= Shi-Tomasi (or Kanade-Lucas) min(\;, \y) > &

e
Corner Detection Corner Detection
.2 v .
A= (%:f:ﬁ}. ZJ'(].(;'}L'U> 1. For all pixels, computer corner strength
Jrlty ;
) ' _ . Non-maximal suppression
* Idea:Inspect eigenvalues Ai, A; of Hessian /A (E.g., sort by strength, strong corner
" A1, Azsmall > no point of interest suppresses weaker corners in circle of radius r)

= )\, large, Azsmall > edge
= ). A2 large = corner
* Harris detector (does not need eigenvalues)
Mo > k(A + Ao)? & det(A) > k trace?(A)

'%Shi-Tomasi (or Kanade-Lucas) min(A\, \y) > & .

strongestresponses non-maximal suppression
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Corner Detection

1. For all pixels, computer corner strength

2. Non-maximal suppression
(E.g., sort by strength, strong corner
suppresses weaker corners in circle of radius r)

& _-“P"-"
R - S

strongestresponses non-maximal suppression

ks

Visual Navigation for Flying Robots 67 Dr. Jurgen Sturm, Computer Vision Group, TUM

Kanade-Lucas-Tomasi (KLT) Tracker

= Algorithm

1.

s W N

5.
= KLT
but

Find (Shi-Tomasi) corners in first frame and
initialize tracks

Track from frame to frame

Delete track if error exceeds threshold

Initialize additional tracks when necessary
Repeat step 2-4

tracker is highly efficient (real-time on CPU)
provides only sparse motion vectors

* Dense optical flow methods require GPU

ks
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Other Detectors

Forstner detector (localize corner with sub-
pixel accuracy)

FAST corners (learn decision tree, minimize
number of tests = super fast)

Difference of Gaussians / DoG (scale-invariant
detector)

e
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Corner Detection

1. For all pixels, computer corner strength

2. Non-maximal suppression
(E.g., sort by strength, strong corner
suppresses weaker corners in circle of radius r)

L strongestresponses non-maximal suppression
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ks
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Example 3D Motion Estimation

(How) Can we recover the camera motion from
the estimated flow field?

= Research paper: Grabe et al., ICRA 2012

http://www9.in.tum.de/~sturmiju/dirs/icra2012/data/papers/2025.pdf

On-board Velocity Estimation and Closed-loop Control of a Quadrotor
UAYV based on Optical Flow

Volker Grabe, Heinrich H. Bitlthoff, and Paolo Robuffo Giordano

Abstract— Robet vision becamae 3 ficld of increasing . approaches were mecently peesented [4], [5]. [6]. However,
portance in micro acrial vehick robotics with the availability i1 of these visual SLAM (simultancous localization and

et oy
exter roumd stations becase b -
frrer il e s ;:,‘";,?t_;“_;""f:,;‘m large portions (if nat all) of the pecded computations 1o an
only on-board hardware, Our work i ascd on the contimuons  3-hoc_ground sttion. This, howeer, grestly rduces the
% h-wwm o reconer :pnmm from optical flaw.  flexability of the robotic sysiem at hand. Additionally. they
Thus we are ronide an, ffient ol bock ol for ually do ot inchude 3 elible emerpency backup behavior
m kind of OV mamed et Ve s we el
 camera and o on-board compataien o aacklng; wn v
T particular we v et variantsofthe clavscal conitons  WheR dealing with anificial vision.
osim sheoriéin sed provded an exiensie expecimental Up o now, only a few mal-time approaches ar able to
evaluation agaimst o known ground trath, The reults cope with the limited processing power available on current
hat v appreach s sbe o fecore the cpo-otion f & B90E oo board hadware. Howerer, e
R i .,“'.,..,.,_n,.u.'.’. 4 onbourd basdvare. However, ons of the fint sysem with
eloar commpetationst pows. Purlbetamat, v csphiied e 2l Procesing b st e N
oot it Tor Bt (e ovp sl contioling the  daia soure fo delect the emvirvament (7], A camera is
‘mation of the UAY online. usod only with a frequency of 2Hx 1o detect loop closures.
i i i i 1 i Unformnately, compared 10 cameras, laser scanners can onl)
Visual Navigation for Flying Robots 70 Dr. Jirgen Sturm, Computer Vision Group, TUM 1 INTRODUCTION e e ot e st o oty
I e resen s, sl ke off andlanding ks o i ot orbosed e i ters of weight and
became a very popular fosus of roboicists _encrgy consumption. To the _best of our knowledge. only

in case of lost tracking, an umwanted but common situstion




Approach [Grabe et al., ICRA’12]

Compute optical flow

Estimate homography between images

Extract angular and (scaled) linear velocity

Additionally employ information from IMU

Assumptions

1. The quadrocopter moves slowly relative to the
sampling rate

- - . ﬁ-n /R - o/
- limited search radius ’?~~’i

o ", \*\
4'— L ., ‘\\
Pl ~ “
S 0 H H H o ~

2. The environmentis planar with normal N
- image transformation is a homography

Approach [Grabe et al., ICRA’12]

Compute optical flow

Estimate homography between images

Extract angular and (scaled) linear velocity

Additionally employ information from IMU

Apparent Velocity of a Point

= Stationary 3D point feature, given in camera
frame

p e R}
= Moving camera with twist
£=(v,w )" €R"
= Apparent velocity of the point in camera frame

% -
p=lwhkp+to
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Continuous Homography Matrix

= Assumption: All feature points are located on a

plane
N'p=d

with plane normal N ¢ R?
and distance d e R

Visual Navigation for Flying Robots 75 Dr. Jurgen Sturm, Computer Vision Group, TUM

Continuous Homography Constraint

= The camera observes point p € R*at pixel x € R?

(assuming K = [ for simplicity)
X=AX=p
* The KLT tracker estimates the motion uof the
feature track in the image

= Constraint: u=x
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Continuous Homography Matrix

= Rewritethisto 1N 'p = 1and plugitinto the
equation for the apparent velocity, we obtain

d d

A -

) | |
p=[w.p+v-N'p= ([w]x +'v—J\rT) p=Hp

Heﬁli x3

= H is called the continuous homography matrix

* Note: ¥ contains both the linear/angular
velocity (v.w) and the scene structure (/V,d)

Visual Navigation for Flying Robots Dr. Jiirgen Sturm, Computer Vision Group, TUM

Continuous Homography Constraint

= \We now have
1. p=Hp
2. p=AX+ A\l (derivative of p = AX and the
optical flow constraint u = x)

= Let’s combine these two formulas...

Visual Navigation for Flying Robots



Continuous Homography Constraint

* Combining these formulas gives us
AX + A\u = Hp
M= Hp — \x
o= HX — %
* Multiply both sides with [X]. gives us

X] 0 = [X] HX — [X] 3%

=0

= [%].0 = "] HX

Step 1: Estimate H

* Continuous homography constraint
%] Hx = [X].1
= Stack matrix H as a vector h € R’ and rewrite
M'h = [x]. 4
— Linear system of equations
" For several feature tracks
M| X1,
b M | h=|[®].0y

Approach

= Result: For all observed motions in the image,
the continuous homography constraint holds

%] = [%]. HX

= How can we use this to estimate the camera
motion?!

Step 1: Estimate H

= Linear set of equations
M %], 4]

4‘“2T h = [i}xﬁg

— —_—
A b
= Solve for h using least squares

Ah=b
=h=(A"A)"'A"b
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Step 2: Recover camera motion Evaluation
Grabe et al. investigated three alternatives: = Comparison of estimated velocities with
1. Recover (w.%. N)from H = [w]. + viNT ground truth from motion capture system
using the 8-point algorithm (not yet explained) [ Wgorthm | Normermor | Sud. deviaton |
2. Use angular velocity w from IMU to de-rotate T BT
observed feature tracks beforehand, then: romelinon e
H — 'U%NT = Comparison of actual velocity with desired
3. Additionally use gravity vector from IMU as velocity {closed-loop control)
planemnormal N = Nnyy, then N m
G=H(N'N)™ vomaiomn  ome% oot ®
Visual Velocity Control Landing on a Moving Platform
= All computations are carried out on-board (18fps) = Similar approach, but with offboard computation

Stabilization with lateral motion

[Grabe etal., ICRA 12]

[Herissé et al., T-RO’12]
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Landing on a Moving Platform

= Similar approach, but with offboard computation

Landing

n —W

[Herissé et al., T-RO "12]
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Lessons Learned Today

= How to estimate the translational motion from
cameraimages

= Which image patches are easier to track than
others

* How to estimate 3D motion from multiple
feature tracks (and IMU data)
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Commercial Solutions

= Helicommand 3D from Robbe
2(?) cameras, IMU, air pressure sensor, 450 EUR

= Parrot Mainboard + Navigation board
1 camera, IMU, ultrasound sensor, 210 USD
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A Few ldeas for Your Mini-Project

» Person following (colored shirt or wearing a marker)

* Flying camera for taking group pictures (possibly using
the OpenCV face detector)

* Fly through a hula hoop (brightly colored, white
background)

* Navigate through a door (brightly colored)

* Navigate from one room to another (using ground
markers)

= Avoid obstacles using optical flow
* Landing on a moving platform

= Your own idea here — be creative!
N
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Joggobot Joggobot

" Follows a person wearing a visual marker = Follows a person wearing a visual marker

AL TR 7 - o

oy N -
" e - J
b

o

9

o

—
[http://exertiongameslab.org/projects/joggobot

'\.
. .
[http://exertiongameslab.org/projects/joggobot]
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