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@® Priority Queues

Chapter 9

Priority Queues

Priority queue informally

Collection of elements with priorities

Operations:
e empty
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Priority queues are multisets

The same element can be contained multiple times
in a priority queue

Interface of implementation

The type of elements (= priorities) ‘a is a linear order

Priority queues are multisets

The same element can be contained multiple times
in a priority queue
EEN
The abstract view of a priority queue is a multiset

Interface of implementation

The type of elements (= priorities) ’a is a linear order

An implementation of a priority queue of elements of
type ‘a must provide
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Interface of implementation Interface of implementation

The type of elements (= priorities) ‘a is a linear order The type of elements (= priorities) ’a is a linear order

An implementation of a priority queue of elements of

An implementation of a priority queue of elements of
type ‘a must provide

type 'a must provide
!

! ¢ An implementation type ‘g

e An implementation type ‘g

o empty g

e insert : 'a = g =g

o delmin :: 'g='q

More operations Correctness of implementation

, , , A priority queue represents a multiset of priorities.

* merge s q.=> 7= 4 Correctness proof requires:
Often provided

o decrease key/priority

Not easy in functional setting

Abstraction function: mset :: ‘g = 'a multiset
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Correctness of implementation

A priority queue represents a multiset of priorities.
Correctness proof requires:

Abstraction function: mset :: ‘g = 'a multiset
Invariant: invar :: 'qg = bool

Correctness of implementation
Must prove invar ¢ —>
mset empty = {#}

Correctness of implementation

Must prove invar ¢ —

Correctness of implementation
Must prove invar ¢ —

mset empty = {#}
is_empty q = (mset ¢ = {#})
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Correctness of implementation
Must prove invar ¢ —

mset empty = {#}

1s_empty q = (mset ¢ = {#})
mset (insert x q) = mset q + {F#Ha#}

Correctness of implementation

Must prove invar ¢ =

mset empty = {#}

1s_empty q = (mset ¢ = {#})

mset (insert © q) = mset q + {Fa#}

mset ¢ # {#} = get-min ¢ = Min_mset (mset q)

mset ¢ # {#} =
mset (del-min q) = mset q — {Fget_min q#}

Correctness of implementation
Must prove invar ¢ —

mset empty = {#}

is_empty q = (mset g = {#})
mset (insert x q) = mset q + {#Ha#}

mset q # {#} = get_-min ¢ = Min_mset (mset q)

Correctness of implementation
Must prove invar ¢ —

mset empty = {#}

is_empty q = (mset ¢ = {#})

mset (insert x q) = mset q + {F#Fa#}

mset q # {#} = gel-min ¢ = Min_mset (mset q)

mset q # {#} =
mset (del_min q) = mset q — {F#get_-min g}

mvar empty
invar (insert x q)
invar (del_min q)
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Terminology Terminology

A binary tree is a heap if for every subtree
the root is < all elements in that subtree.

A binary tree is a heap if for every subtree
the root is < all elements in that subtree.

heap () = True
heap (I, m, r) =
(heap LN heap r A (V z€set_tree [ U set_tree r. m < x))

180

Terminology Priority queue via heap

A binary tree is a heap if for every subtree
the root is < all elements in that subtree.

heap () = True
heap (I, m, r) =
(heap I N\ heap v N (V x€set_tree LU set_tree r. m < x))

The term "heap” is frequently used synonymously with
“priority queue”.




Priority queue via heap

. empty = ()

e is_empty h = (h = ()

e getmin {_, a, ) = a

e Assume we have merge

e insert a t = merge ({), a, ()) t

Priority queue via heap

A naive merge:

Priority queue via heap

. empty = )

o is_empty h = (h = ()

e gelmin (, a, ) =a

¢ Assume we have merge

e insert a t = merge ((), a, ()) t

o del-min (I, a, r) = merge [ r

Priority queue via heap

A naive merge:

merge t; 1y = (case (#,t) of
(0, ) =B
- 0) =4
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Priority queue via heap

A naive merge:

@ Leftist Heap
merge t; ty = (case (t,t;) of

(s -) =t |

(- (0) =1t

((h,a1,m), (b,a2,m2)) =
if @ < ap then {merge Iy r, a1, t2)
else (t, az, merge by 15)

Challenge: how to maintain some kind of balance
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Leftist tree informally Leftist tree informally

The rank of a tree is the depth of the rightmost leaf. The rank of a tree is the depth of the rightmost leaf.

In a leftist tree, the rank of every left child is > the rank

In a leftist tree, the rank of every left child is > the rank
of its right sibling.

of its right sibling.

Merge descends along the right spine.
Thus rank bounds number of steps.
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Leftist tree informally

The rank of a tree is the depth of the rightmost leaf.

In a leftist tree, the rank of every left child is > the rank
of its right sibling.

Merge descends along the right spine.
Thus rank bounds number of steps.

If rank of right child gets too large: swap with left child.

Implementation type

datatype
‘a lheap = Leaf | Node nat ('a tree) 'a ('a tree)

Abbreviations () and (h, [, a, r) as usual

Implementation type

datatype
'a lheap = Leaf | Node nat ('a tree) 'a ('a tree)

Leftist tree

rank :: 'a lheap = nat

186

187



Leftist tree

rank :: 'a lheap = nat

rank {) =0
rank {_, _, . r) = rank r + 1

Leftist tree

rank :: 'a lheap = nat

rank () = 0
rank (-, -, -, r) = rank r + 1

Node (n, I, a, r): n = rank of node

Itree :: 'a lheap = bool

ltree () = True
ltree (n, I, _, ry =

(n = rank r+ 1 A rank r < rank I N ltree | A ltree 1)

Leftist tree

rank :: 'a lheap = nat

rank () =0
rank (-, -, _, r) = rank r + 1

Node (n, [, a, r): n = rank of node

Itree :: 'a lheap = bool

merge
Principle: descend on the right
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merqge

Principle: descend on the right

merge () to = ta
merge t; {) =

merge
Principle: descend on the right

merge {) to = t

merge t () =t

merge ({ny, I, ay, m1) =: t1) ({m, b, ap, ) =: &) =
(if a; < ay then node ly ay (merge r &)

else node b az (merge r t1))

node :: 'a lheap = 'a = 'a lheap = "a lheap

node l a r =

(let ri=rktrr=rkr

inif rr < rithen (rr+ 1, 1 a, r)else (rl + 1, r, a, 1)
where 7k (n, , ., ) =n

merge

Principle: descend on the right
merge () b = to
merge t; () =t

merge ({ny, I, a, 1) =: &) ({na, b, a, 1) =: &) =
(if @ < ay then node Iy a; (merge 1 t)
else node b az (merge r2 t1))

node :: 'a lheap = 'a = 'a lheap = 'a lheap

merge

Principle: descend on the right
merge () th = to
merge t () =

merge ({ny, h, a1, m1) =: 1) ({m, b, ag, ) =2 ) =
(if ay < ay then node ly ay (merge )
else node b ay (merge 1))

node :: 'a lheap = 'a = 'a lheap = "a lheap
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merge ({m, l, a1, 1)

merqge

. tl) ((WQ', l2: az, TQ) =

(if a1 < ap then node Iy ay (merge m )
else node b, ay (merge r t1))

Functional correctness proofs

including preservation of invar

Straightforward

t)

merge ({ny, l, a1, ™) =: t1) ({2, b, az, ™) =: &) =

merge

(if a1 < ay then node by ay (merge 1 t)

else node b ay (merge 1))

Function merge terminates because
decreases with every recursive call.

size t) + size ty

Logarithmic complexity

Correlation of rank and size:
Lemma ltree t = 27"t < |¢|;

Complexity measures t_merge, t insert t_del min:

count calls of merge.
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Logarithmic complexity
Correlation of rank and size:
Lemma ltree t = 2""F 1 < |4,

Complexity measures t_merge, t_insert t_del_min:
count calls of merge.

Lemma t_merge | r < rank { + rank r 4+ 1

Logarithmic complexity
Correlation of rank and size:
Lemma ltree t = 27t < |4,

Complexity measures t_merge, t_insert t_del_min:
count calls of merge.

Lemma t_merge I r < rank { + rank r + 1
Corollary [ltree I ltree 7]
= t-merge [ r < logy |l|; + logs |11 + 1

Corollary
ltree t = t_insert x t < logy |f]; + 2

Logarithmic complexity
Correlation of rank and size:
Lemma ltree t = 2" < |4,

Complexity measures t_merge, t insert t_del min:
count calls of merge.

Lemma t_merge [ r < rank | + rank r + 1
Corollary [itree I, ltree 1]
= t-merge | r < logy |{|; + loga ||y + 1
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What is a Braun tree?
braun :: 'a tree = bool

braun () = True
braun (I, z, r) =
(Il < A < |rl + 1 A braun I A braun r)

2/1\3

What is a Braun tree?
braun 2 'a tree = bool

braun () = True
braun (I, z, r) =
(I < [ Al < |r] + 1 A braun I A braun r)

2/1\3
/o

4 5

What is a Braun tree?
braun :: 'a tree = bool

braun () = True
braun (I, x, ry =
(Irl < | ALl < || + 1 A braun I A braun r)

2/1\3
/

4

What is a Braun tree?
braun :: 'a tree = bool

braun () = True
braun (I, z, r) =
(Ir] < || Al < |rl + 1 A braun I A braun )

2/1\3
4/ \6 5/ \7

Lemma braun t = 2" < 2 % |f] 4+ 1
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Idea of invariant maintenance

braun () = True

braun (I, z, r) =
(I < [ A < |r] + 1 A braun I A braun r)

Idea of invariant maintenance

braun () = True

braun (I, z, r) =
(Ir < 1 A< || + 1 A braun I A braun r)

Add element: to right subtree, then swap subtrees
Goal: || <|rl+ 1A +1<|]+1

Idea of invariant maintenance

braun () = True

braun (I, z, r) =
(] <)) A < || + L A braun LA braun r)

Add element:

Idea of invariant maintenance

braun () = True

braun (I, =, r) =
(Jr] < || A < || + 1 A braun I A braun r)

Add element: to right subtree, then swap subtrees
Goal: |I| <|rl+1A|l+1< )+ 1

Remove element:
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Idea of invariant maintenance

braun () = True

braun (I, z, r) =
(I < | A < || + 1 A braun LA braun r)

Add element: to right subtree, then swap subtrees
Goal: || <|rl+ 1A +1Z< ||+ 1 O

Remove element: from left subtree, then swap subtrees
Goal: [l — 1 < |l A Jr] <

Idea of invariant maintenance

braun () = True

braun (I, z, r) =
(Ir < 1 A< || + 1 A braun I A braun r)

Add element: to right subtree, then swap subtrees
Goal: || <|rl+ 1A +1<|]+1 ]

Remove element: from left subtree, then swap subtrees
Goal: ||| — 1 < || A |r] <] ]

Idea of invariant maintenance

braun () = True

braun (I, z, r) =
(] <)) A < || + L A braun LA braun r)

Add element: to right subtree, then swap subtrees
Goal: || <|rl+ 1A +1< )]+ 1 O

Remove element: from left subtree, then swap subtrees
Goal: |I| — 1 < | A || < [l

197

msert

insert .1 'a = 'a tree = 'a tree

insert a {) = ({), a, {))

insert a (I, x, 1) =
(if @ < x then (insert x r, a, l) else (insert a r, x, 1))
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msert

insert ;1 'a = 'a tree = 'a tree

msert a () = ((), a, ()

wmsert a (I, x, r) =

(if @ < zthen (insert z r, a, I) else {insert a r, x, I))

Correctness and preservation of invariant straightforward.

del_man

del min :: 'a tree = 'a tree

del_min () = ()

del_min {{), z, r) = ()

del.min (I, z, r) =

(let (y, 1) = del left Lin sift_down r y I

@ Delete leftmost element 3
@ Sift y from the root down

del_min

del_min :: 'a tree = 'a tree

del.min () = ()

delmin ((), z, ) = ()

del_min (I, x, ry =

(let (y, I") = del left lin sift_down r y ')

sift_down

sift down :: 'a tree = 'a = 'a tree = 'a tree



sift_down () a () = ({), a, {))

sift_down {{), x, ()) a () =
(if a < zthen ({{), 2, (}), a, ())
else (({), a, (),  ()))

if a < m A a < xothen (¢, a, tz)

else (ty, 2, sift_ down by a 1)

Maintains braun

sift_down

sift_down :: 'a tree = 'a = 'a tree = 'a tree

sift-down ((h, @, r1) = 1) a ((b, 22, 1) = ) =

else if 7y < @ then (sift_down l; a r, 21, &)

Logarithmic complexity

Running time of insert, del left and sift_down (and
therefore del_min) bounded by height

202 204
@ Archive of Formal Proofs - Mozilla Firefox -8 X @ Archive of Formal Proofs - Mozilla Firefox - & X
4b Archive of Formal Proofs X - Archive of Formal Proofs X
« @ a isa-afp.org n#Poao = > @ a isa-afp.org neeo =
## Most Visited ) Latest Headlines M Inbox - Ipeterl@vt. B kletterTopo [@) Tourenplaner « Dein... [l KOMPASS.Maps @) reload with eAccess B C+ASM semantics B VT » ## Most Visited 3\ Latest Headlines M Inbox - Ipeterl@vt B kletterTODO Tourenplaner « Dein... [[l] KOMPASS.Maps @ reload with eAccess B C+ASM semantics B vT »

Home

About
Submission
Updating Entries
Using Entries
Search
Statistics

Index

https://www.isa-afp.org/topics. html

cebanQ|_ | B | [T 23| 4] imlemmich@lapnipkow10: ~/lehre/fDs/ss1 .| o sidesfds pot

2

INDEX BY TOPIC

Computer Science

Automata and Formal Languages

Posix-Lexing LocalLexing KBPs Regular-Sets Regex Equivalence
Home MSO_Regex_Equivalence Formula_Derivatives Myhill-Nerode CYK Presburger-
Automata Functional-Automata Statecharts Stuttering_Equivalence

Computer Science About Coinductive_Languages Tree-Automata Kleene Algebra KAT and DRA KAD
Submissi Regular_Algebras Markov_Models Probabilistic System_Zoo CAVA Automata LTL
Automata and Formal Languages ubmission LTL to GBA CAVA LTL Modelchecker Probabilistic_Timed Automata

Finite_Automata_HF LTL_to_DRA Timed_Automata Stochastic_Matrices

Posix-Lexing Locallexing KBPs Regular-Sets Regex_Equivalence _to_|
Buchi_Complementation Transition_Systems_and_Automata

Updating Entries
MSO_Regex_Equivalence Formula_Derivatives Myhill-Nerode CYK Preshurger-

Automata Functional-Automata Statecharts Stuttering_Equivalence Using Entries .

Coinductive_Languages Tree-Automata Kleene Algebra KAT and DRA KAD Search Algorithms

Regular_Algebras Markov_Models Probabilistic_System_Zoo CAVA_Automata LTL Knuth_Morris_Pratt Probabilistic While Comparison_Sort Lower_Bound

LTL to GBA CAVA_LTL Modelchecker Probabilistic Timed Automata Statistics Quick Sort_Cost DFS_Framework Prpu Maxflow TortoiseHare Floyd Warshall

Finite_Automata_HF LTL to DRA Timed Automata Stochastic_Matrices Roy Floyd Warshall Selection Heap Seort Dijkstra_Shortest Path

Buchi_Complementation Transition_Systems_and_Automata Index EdmondsKarp_Maxflow VerifyThis2018 CYK Boolean_Expression_Checkers Depth-
. Download First-Search FFT Gauss-Jordan-Elim-Fun UpDown_Scheme GraphMarkinglBP

Algorithms Efficient-Mergesort SATSolverVerification Transitive-Closure Transitive-Closure-||

Knuth Morris_Pratt Probabilistic While Comparison_Sort_Lower Bound
Quick_Sort_Cost DFS_Framework Prpu_Maxflow TortoiseHare Floyd Warshall
Roy Floyd Warshall Selection_Heap_Sort Dijkstra_Shortest Path
EdmondsKarp_Maxflow VerifyThis2018 CYK Boolean Expression_Checkers Depth-
First-Search FFT Gauss-Jordan-Elim-Fun UpDown_Scheme GraphMarkinglBP Taylor_Models LLL Basis Reduction Optimal BST Distributed: DiskPaxos GenClock
Efficient-Mergesort SATSolverVerification Transitive-Closure Transitive-Closure-II Read www.isa-afp.org ClockSynchinst Heard Of Consensus Refined Abortable Linearizable Modules CRDT

[ archive of Formal Proofs - Mol Firefox RSN ERE]  wo0|_ B Y] [T 2] 3] 4] @lenmichglspnipkon10: ~flehre/fs/ss1...| slides-ds pdf | archive of Formal Froofs - Mozila Firefox | | L]

MuchAdoAboutTwo First Order Terms Polynomials Gabow SCC Monad Memo DP
Hidden_Markov_Models Gauss_Jordan Echelon_Form QR_Decomposition Hermite
Imperative_Insertion_Sort Deep_Learning Formal SSA ROBDD Groebner_Bases

Median_Of Medians_Selection IMAP-CRDT Fisher Yates Diophantine Eqns Lin_Hom




@ Session Priority_Queue_Braun (Isabelle2017: October 2017) - Mozilla Firefox -8 X

Session Priority
< @ @ hitps:/iwww.isa-afp.org/browser_infofcurrent/AFPJPriority_Queu -9 carch m#eao =

¥ Most Visited 3\ Latest Headlines M Inbox - Ipeterl@vt.... EJKletterToDO [@ Tourenplaner - Dein... [l KOMPASS.Maps @ reload with eAccess B C+ASM semantics ESVT »

Session Priority Queue Braun ()

View theory dependencies
View document

View outline

Theories

« Priority Queue Braun

| @ session Priority_queue_Braun (1sabelle20...

aewian(|_ |7y 2 |T2 3| 4| @iammic 0: ~/lehre/FDS/SS:




