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e (* Application: Doing n increments *) = 5 (* Application: Doing n increments *) ol
@ =4 @ s
: L1E| |3 L
o fun n_increments where = o fun n_increments where =I5
[ r— " e T [ " S

n_increments 0 bs = bs = n_increments 0 bs = bs E
S S
| "n_increments (Suc n) bs = n_increments n (incr bs)" [al | "n_increments (Suc n) bs = n_increments n (incr bs)" 2
= =
fun t_n_increments :: "nat = counter = nat" where = fun t_n_increments :: "nat = counter = nat" where =
s n 2 " : " a
"t_n_increments 0 bs = 1 g t_n_increments O bs = 1 iy
@ ©
| "t_n_increments (Suc n) bs = t_incr bs + t_n_increments n (incr bs)" = | "t_n_increments (Suc n) bs = t_incr bs + t_n_increments n (incr bs)" =l
E ES
8 g
(* Generalized lemma with arbitrary start state. 14| (* Generalized lemma with arbitrary start state. 15 |
Telescoping sum is done implicitly in this proof. *) Telescoping sum is done implicitly in this proof. *)
lemma t_n_increments_aux: lemma t_n_increments_aux:
"t_n_increments n bs = 1 + 2*n + ® bs - ® (n_increments n bs)" "t_n_increments n bs =1 = 2*n + @ bs - ® (n_increments n bs)"
OEroof (induction n bs rule: n_increments.induct) @|[proof (induction n bs rule: n_increments.induct)
case (1 bs) case (1 bs)
then show ?case by simp then show ?case by simp
next next
(eAsa 2 n hs) =] (easa (2 n hs) ~]
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(* Application: Doing n increments *)

fun n_increments where
"n_increments 0 bs = bs"
| "n_increments (Suc n) bs = n_increments n (incr bs)"

File Browser

fun t_n_increments :: "nat = counter = nat" where
"t_n_increments @ bs = 1"
| "t_n_increments (Suc n) bs = t_incr bs + t_n_increments n (incr bs)"

(* Generalized lemma with arbitrary start state.
Telescoping sum is done implicitly in this proof. *)
lemma t_n_increments_aux:
"t_n_increments n bs = 1 + 2*n + @ bs - @I(n_increments n bs)"
@|proof (induction n bs rule: n_increments.induct)
case (1 bs)
then show ?case by simp
next
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(* Application: Doing n increments *)

fun n_increments where
"n_increments 0 bs = bs"
| "n_increments (Suc n) bs = n_increments n (incr bs)"

File Browser

fun t_n_increments :: "nat = counter = nat" where
"t_n_increments 0 bs = 1"
| "t_n_increments (Suc n) bs = t_incr bs + t_n_increments n (incr bs)"

(* Generalized lemma with arbitrary start state.
Telescoping sum is done implicitly in this proof. *)
lemma t_n_increments_aux:
"t_n_increments n bs = 1 + 2*n + ¢ bE - ® (n_increments n bs)"
@|proof (induction n bs rule: n_increments.induct)
case (1 bs)
then show ?case by simp
next
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E fun n_increments where % 5 fun n_increments where i%
e "n_increments 0 bs = bs" Fisl 5 "n_increments 0 bs = bs" LIz
% | "n_increments (Suc n) bs = n_increments n (incr bs)" g % | "n_increments (Suc n) bs = n_increments n (incr bs)" ES
° 2 e z
= fun t_n_increments :: "nat = counter = nat" where E = fun t_n_increments :: "nat = counter = nat" where -
"t n increments 0 bs = 1" Z% "t_n_increments 0 bs = 1" %
g Ll § | "t_n_increments (Suc n) bs = t_incr bs + t_n_increments n (incr bs)" @
¥l Proof state ] Auto pdate | Update | Search | ] [roow [+ |2 il
proof (state) :é’ (* Generalized lemma with arbitrary start state. g
this: = Telescoping sum is done implicitly in this proof. *) =l
T g lemma t_n_increments_aux: g
E "t_n_increments n bs = 1 + 2*n + ® bs - ® (n_increments n bs)" _ﬁ
goal (2 subgoals): .;i_--.: O P S S R, [ JU demdioad 0 =
e e w8 0 s ) e e T
1+2*int n+ @ (incr bs) - @ (h_increments n (incr bs)) — prc.mf (state) B
int (t_n_increments (Suc n) bs) =1 + 2 * int (Suc n) + ® bs - & (n_increments (Suc n) bs) T this: i
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E "t_n_increments n bs = 1 + 2*n + ® bs - @ (n_increments n bs)" :% E ©@|[proof (induction n bs rule: n_increments.induct) :%
A @|proof (induction n bs rule: n_increments.induct) E 5 case (1 bs) 7?
s case (1 bs) g = then show ?case by simp Eg
= then show ?case by simp 3 g next g
= next g’ = case (2 n bs) ng")'
case (2 n bs) (ol then show ?case apply Eimp [a]
then show ?caselapp'l.y simp § @
= using a_incr[of bs] by auto 1z
using a_incr[of bs] by auto g qed §
ced M= =
-z i =||Z
4] [*] S [¥] S
2 2
] Proof state /] Auto update | Update | Search: | ~|[roo% [+ [¥] Proof state [ Auto update | Update | Search: | ~| oo |+
proof (prove) =l proof (prove) =i
using this: goal (1 subgoal):
T int (t_n_increments n (incr bs)) =1+ 2 * int n + ® (incr bs) - @ (n_increments n (incr bs)) 1. int (t_n_increments n (incr bs)) =1 + 2 * int n + ® (incr bs) - & (n_increments n (incr bs)) =
T int (t_iner bs) + @ (incr bs) =2 + @ bs
goal (1 subgoal):
1. int (t_n_increments (Suc n) bs) =1 + 2 * int (Suc n) + ® bs - & (n_increments (Suc n) bs)
< M: 1l Ml
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then show ?case apply simp

using a_in:rmuf bs]lby auto
qged

(* Estimation for initial state *)

I P e Me el R PP W T T}

(|

E case (1 bs) =l 5 lemma t_n_increments_aux: =l
e then show ?case by simp 5 "t_n_increments n bs =1 + 2*n + & bs - ¢ (n_increments n bs)"

2 next =] 2lo@|proof (induction n bs rule: n_increments.induct) =
i case (2 n bs) i I case (1 bs)

then show ?case by simp
next
case (2 n bs)
then show ?case
using a_incr[of bs] by auto
qed

[4]
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proof (prove)

goal (1 subgoal):

T 1. int (t_n_increments n (incr bs)) =1 + 2 * int n + ® (incr bs) - @& (n_increments n (incr bs)) =
int (t_incr bs) + ® (incr bs) =2 + & bs

[l

DN

proof (state)
goal (1 subgoal):
1. An bs. int (t_n_increments n (incr hs)) =
1+2*intn+ @ (incr bs) - ® (n_increments n (incr bs)) —
int (t_n_increments (Suc n) bs) =1 + 2 * int (Suc n) + & bs - ® (n_increments (Suc n) bs)
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4

(* Estimation for initial state *)
lemma t_n_increments: "t_n_increments n init < 1+2*n"
using
t_n_increments_aux[of n init] I
®_non_neg[of "n_increments n init"] (* Exploit that potential cannot be negative *)

E then show ?case = E "t_incr []1 = 1" | sl
= using a_incr[of bs] by auto 5 "t_incr (False # bs) 1" | =
2/l |ged =| H "t_incr (True # bs) = t_incr bs + 1"

definition ® :: "counter = int" where
"® bs = length(filter id bs)"

lemma ®_non_neg: "® bs > 0"
by (simp add: &_def)

[eiiosuL [ o3 [phrepis [uomewounsea | « [@]

[Sem0eus [e3e35 [ppispis [uonewawnoog [ « [@]

« int (t_n_increments n init) =1 + 2 * int n + ® init - ® (n_increments n init)
» 0 < @ (n_increments n init)
« & init =0

gt‘:al (1 subgoal):
<«

@_init | |
L . - i . N + [1F: 8 + on Ad|
4] [*] 41 [¥]
[v] Proof state ] Auto update Update | Search: ‘ | [L00% |w V] Proof state  [v] Auto update Update Search:‘ -[|100% |+
proof (prove) 1= consts =i
using this: P :: "bool list = int"

DN

(o]~ output | query [ sledgehammer | symbols

|
(2]~ [ output | query [ | symbols |

[67.35 (1588/8224)

debion(O|_ || 2 |T234|!|

(isabelle,isabelle, UTF-8-Isabelle) i ¢

|iaiammichiapnipkow1o: ~je... [ isabelle2016-1 - Amortized ...

0: ~Jle... | 2] pdf

[29.1 (558/2224)

deban®|_ | | [T 2] 3] 4] @mlemmich@lzpnipkow10: ~fle.. | z/document.pdf | ammich@lapnipkow10: ~fe... [y isabelle2016-1 - Amortized E... [

(isabelle,isabelle, UTF-g4sabelle) 1m0 UG | 50/1160MB 9:50 AM|



4ip Isabelle2016-1 - Amortized_Examples.thy === p Isabelle2016-1 - Amortized Examples.thy &%
Eile Edit Search Markers Folding View Utilities Magros Plugins Help Eile Edit Search Markers Folding Wiew LUtilities Macros Plugins Help
DEde ¢ 9¢ X @ CRHERE B & @ DEdd @ s¢ 00 @ T REE @
0 Amortized_Examples.thy (~/lehre/FDS/Public/Thys/) >l 0 Amortized_Examples. thy (~/lehre/FDS/Public/Thys/) vl
3] 5] [>] =[2]
e lemma ¢_init: "® init = 0" = 5 lemma ®_init: "® init = 0" =ol
@ N P =4 @ . P I
H by (simp add: ®_def init_def) g H by (simp add: ©_def init_def) S
o o @ 2
o 2 ) =t
[ : r— : " of T : I : " &
lemma a_incr: t_1n:ﬂ bs + ®(incr bs) - ® bs = 2 B lemma a_incr: "t_incr bs + ®(incr bs) - @ bs = 2 B
S S
apply(induction bs rule: iner.induct) [al apply(induction bs rule: incr.induct) 2
. g . g
apply (simp_all add: &_def) s apply (simp_all add: &_def) ur
done = done al
@ 9
b bt
ES F
(* Application: Doing n increments *) = (* Application: Doing n increments *) =l
=(E3 S(Fs
>l @ >o
[ [o] S El| D] S
H ]
¥ Praof state ] Auto update | Update | search | ~][roow [+ WlProot state 7l auto update | Update | search: | | [roos .
proof (prove) = theorem a_incr: int (t_incr 7hs) + & (incr ?bs) - & ?hs = 2 =i
goal (1 subgoal):
1. int (t_incr bs) + @ (incr bs) - ® bs = 2
] D] il D]
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbals
36,21 (685/8224) (isabelle,isabelle, UTF-8-Isabelle) /1o UG BlL1/1160MB 9:51 AM‘ ‘40‘1 (786/8224) (isabelle,isabelle UTF-8-sabelle) /i o UG IEB7/1160MB 9:52 AM|
ceanO|_ B ] [[T2]3]4]m 0: /e |2 pdf ~te... [ isabele20161 -Amortzed €. (M EEEEY — w@o0|_ [T Q] [T 2]z 10: ~fe... [ pdf 10: ~fle... [y 1sabelle2016-1 - Amortized b Jeo:52:12]
4 Isabelle2016-1 - Amortized_Examples.thy _ & X 4 Isabelle2016-1 - Amortized_Examples.thy _ & X
File Edit Search Markers Folding View Utilities Magros Plugins Help Ele Edit Search Markers Folding View Utilities Macros Plugins Help
DEdE @ 9¢ KEH0 3@ - @ DEd@E & 9¢ XHAE 8@ -
[ Amortized_Examples.thy (~/lehre/FDS/Public/Thys/) o 0 Amortized_Examples.thy (~flehre/FDS/Public/Thys/) -
] then show ?case = L] by auto =
= using a_incr[of bs] by auto 5
= =
= g end

(* Estimation for initial state *)
lemma t_n_increments: "t_n_increments n init < 1+2*n"
[l using
t_n_increments_aux[of n init]
®_non_neg[of "n_increments n init"] (* Exploit that potential cannot be negative *)
©_init |
L . 1~
Ell [*]

] Proof state /] Auto update | Update | Search: | v [roon [+

[eiiosuL [ o3 [phrepis [uomewounsea | « [@]

proof (prove)
goal (1 subgoal):
1. t_n_increments n init < 1 +2 * n

47

D

Eubsectinn "Dynamic tables: insert only"

locale Dyn_Tab
begin

the size of the table.>
type_synonym tab = "nat x nat"

"tab = bool" where
=(n <"

fun invar ::
"invar (n,1)

text<Because we are not interested in the elements of the dynamic table but merely its size
we abstract it to a pair <(n,l)> where <n> is the number of elements in the

[Senoeus 3235 [ppispis [uonewswnoog [ « []

table and <1»
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E we abstract it to a pair <(n,l)> where <n> is the number of elements in the table and <1> :% i%
e the size of the table.:» Bl fun invar :: "tab = bool" where 9]
% g "invar (n,1) = (h < 1)" g
i type_synonym tab = "nat x nat" = o
Z Ds" definition init :: tab where %
fun invar :: "tab = bool" where % "init = (0,0)" 7%
"invar (n,1) = (n < )" H & -5
2 text<Insertion: the element does not matter: 1~
definition init :: tab where § fun ins :: "tab = tab" where n:m:'
"init = (0,0)" % "ins (n,1) = (n+l, if n<l then 1 else if 1=0 then 1 else 2*1)" %
text<Insertion: the element does not matter> E textc<Time: if the table overflows, we count only the time for copying elements> E
fun ins :: "tab = tab" where fun t_ins :: "nat x nat = nat" where
"ins (n,1) = (n+l, if nEl then 1 else if 1=0 then 1 else 2*1)" "t_ins (n,1) = (if H<1 then 1 else +1)"
text«Time: if the table overflows, we count only the time for copying elements: lemma "invar init"
fun t_ins :: "nat x nat = nat" where by (simp add: init_def)
"t_ins (n,1) = (if n<l then 1 else n+l)"
i lemma "invar t = invar(ins t)" A
Tlamma "invar init" =] annluleasas +) =
] [¥] Kl | [l
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E lemma "invar init" :% E because the invariant does not exclude this case, although it cannot arise. :%
A by (simp add: init_def) E 5 If you go through the proof of lemma <a_ins> in detail E
5 g = you will understand why this case also works out fine.» g
i lemma "invar t — invar(ins t)" S g o
= apply(cases t) g’ =l ollemma "invar t — ® t > 0" ng")'
apply (auto) (ol apply(cases t) [a]
done | § apply(auto) @
1% done I
fun ¢ :: "tab = nat" where ﬁ 5
"B (n,1) = 2*n - 1" = lemma "® init = @" ]
& by (simp add: init_def) o
text <Careful: <n» and <1> are natural numbers. E E
Thus <2*n> can be less than <l> (in which case <2*n - 1 = 0>!) Eemma a_ins: "invar t = t_ins t + ®(ins t) - ¢ t < 3"
because the invariant does not exclude this case, although it cannot arise. apply(cases t)
If you go through the proof of lemma <a_ins: in detail apply(auto split: if_splits)
fou will understand why this case also works out fine.>
lemma "invar t = ® t > 0" end
apply(cases t) | A
annlulautal =] =
< [o] < D]
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