Script

Title:

Date:

generated by TTT

Lammich: FDS Tutorial (07.07.2017)

Fri Jul 07 08:36:18 CEST 2017

Duration: 89:50 min

Pages:

55

Thys/BinHeap. thy

Binomial Heaps — Correctness and Complexity

@ Binomial Heaps

N

umerical Method

See Chris Okasaki. Purely Functional Data Structures.

Only use trees t; of size 2!

Cambridge University Press, 1999
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Numerical Method

See Chris Qkasaki. Purely Functional Data Structures.
Cambridge University Press, 1999

Only use trees t; of size 2

E.g., to store 0611001 elements: [#,0,0,t3,%4]

Numerical Method

See Chris Okasaki. Purely Functional Data Structures.
Cambridge University Press, 1999

Only use trees t; of size 2!
E.g., to store 0611001 elements: [#(,0,0,¢3,%4]
Meld: Addition with carry.

Linking two trees of size 2: Yields size 2'!

Numerical Method

See Chris Okasaki. Purely Functional Data Structures.
Cambridge University Press, 1999

Only use trees t; of size 2'

E.g., to store 0611001 elements: [ty,0,0,23,%4
Meld: Addition with carry.

Organization of Trees

datatype ‘a tree = Node (rank: nat) (root: 'a)
(children: 'a tree list)
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Organization of Trees Organization of Trees

datatype 'a tree = Node (rank: nat) (root: 'a)

datatype ‘a tree = Node (rank: nat) (root: 'a)
(children: 'a tree list)

(children: 'a tree list)

Node with rank ¢ has successors [t;_1,. .. ty] with ranks
[i—1,....,0]

Node with rank i has successors [t;_1,. .. #| with ranks
li—1.....0]

btree_invar (Node 1 uu ¢) =
(Ball (set c¢) btree_invar A map rank ¢ = rev [0..<7])

btree_invar (Node r uu ¢) =
(Ball (set ¢) btree_invar A map rank ¢ = rev [0..<r])

Tree has exactly 2% ! nodes

btree_invar t = |f| = 2"

163

Linking two Trees Linking two Trees

Given two trees of rank i, join them to tree of rank i+1. Given two trees of rank i, join them to tree of rank 7+1.

|dea: Insert one tree under root of other tree
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Heap Datatype

Using sparse representation for binary numbers:
[1%,0,0,3,t4] represented as [ (0,%), (3,t3),(4,1) ]

Heap Datatype

Using sparse representation for binary numbers:
[1,0,0,3,t4] represented as [ (0,%y), (3,t3),(4,1) |

type_synonym ‘a heap = 'a tree list
bheap_invar ¢ = ((V t€set c. btree_invar t) A
strictly_ascending (map rank c))

Ranks in ascending order

Heap Datatype

Using sparse representation for binary numbers:
[10,0,0,3,14] represented as [ (0,%), (3,t3),(4,11) |

type_synonym ‘a heap = 'a tree list

Inserting a Tree

ins_tree t [| = [{]

ins_tree 1y (lp # rest) =

(if rank t; < rank ty then t; # to # rest
else ins_tree (link t| ty) rest)
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Inserting a Tree Merge

merge tsy [| = ts

merge [| tsa = tse

merge (t; # ts1) (to # tso) =

(if rank t; < rank t; then t; # merge tsy (ty # tso)

else if rank t, < rank t; then & # merge (t, # tsy) ts
else ins_tree (link t; t) (merge ts; tss))

ms_tree t [| = [{]

ms_tree ty (to # rest) =

(if rank t; < rank t, then t; # to # rest
else ins_tree (link t; t,) rest)

Intuition: Handle a carry

Find/Delete Minimum

Element

Merge

All trees are min-heaps

merge ts1 || = s
ge b [ ' Smallest element may be any root node

merge [| tso = tsy

merge (t # ts1) (o # tsy) =

(if rank t; < rank t, then t; # merge ts; (ty # ts2)

else if rank t, < rank t; then ty # merge (t; # ts)) tsy
else ins_tree (link t; &) (merge ts; tsy))

ts # [| = find_min ts = Min (set (map root ts))

Intuition: Addition of binary numbers

168



Find/Delete Minimum

Element
All trees are min-heaps
Smallest element may be any root node

ts # || = find-min ts = Min (set (map root ts))

Similar: get_min::'a tree list = 'a tree x 'a tree list
Returns tree with minimal root, and other trees

Complexity

Recall: |t = grank t

Find/Delete Minimum

Element
All trees are min-heaps

Smallest element may be any root node
ts # || = find-min ts = Min (set (map root ts))

Similar: get_min::’a tree list = 'a tree X 'a tree list
Returns tree with minimal root, and other trees
Delete via merge

delete_min ts =
(case get_min ts of
(Node za x ts1, tsy) = merge (rev ts) ts2)

Note the rev!
168

Complexity

Recall: [t = orank t
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Complexity Complexity

Recall: |t = orank t

Recall: |t = orank t
Similarly for heap: glength h < 4]

Similarly for heap: 2/t < |p|

Complexity of operations: linear in length of heap

169

Complexity Find/Delete Minimum

Element
All trees are min-heaps

Recall: |t = orank ¢
Similarly for heap: 2" h < |p)

Complexity of operations: linear in length of heap
i.e., logarithmic in number of elements

Smallest element may be any root node
ts # [| = find_min ts = Min (set (map root ts))

Similar: get_min::’a tree list = 'a tree X 'a tree list
Returns tree with minimal root, and other trees

168



Find/Delete Minimum
Element

Complexity of Merge

All trees are min-heaps merge (t # t1) (o % tsy) =

(if rank t, < rank &y then & # merge tsy (o # ts2)
else if rank t, < rank t; then by # merge (1, # ts1) tso
else ins_tree (link t; ty) (merge ts; tsy))

Smallest element may be any root node
ts # || = find-min ts = Min (set (map root ts))

Similar: get_min::'a tree list = 'a tree x 'a tree list

Returns tree with minimal root, and other trees _ 4
Complexity of #ns_tree call depends on length of result of

Delete via merge )
recursive call.

delete_min ls =
(case get_min ts of
(Node za x ts1, tss) = merge (rev tsi) ts2)

Naive: length (merge ts; tse) < length ts; + length ts

Note the rev!

170

Complexity of Merge Complexity of Merge

merge (4 # ts1) (b # tsy) =

(if rank t; < rank t, then &, # merge tsy (& # tso)

else if rank t, < rank t; then by # merge (&, # ts)) tso
else ins tree (link t; ) (merge ts; tss))

merge (t # ts1) (o # tsy) =

(if rank t, < rank t; then t; # merge ts) (ta # 1)

else if rank &, < rank t; then t, # merge (t # ts1) ts
else ins_tree (link t &) (merge ts; tsy))

Complexity of ins_tree call depends on length of result of
recursive call.

Naive: length (merge ts) ts2) < length ts; + length ts
Yields (roughly) m n = m (n—2) + n
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Complexity of Merge Complexity of Merge

merge (b # ts1) (to # ts) =

(if rank t; < rank ty then t; # merge ts; (ty # tso)

else if rank t < rank t; then ty # merge (t; # ts1) tss
else ins_tree (link t t) (merge ts; tss))

merge (t, # ts1) (to # ts) =

(if rank t; < rank t; then t; # merge tsy (o # ts2)

else if rank t, < rank t; then ty # merge (t; # ts)) tss
else ins_tree (link t; ty) (merge ts; tss))

Idea: Estimate cost and length of result: Idea: Estimate cost and length of result:

tins_tree t ts + length (ins_tree t ts) = 2 + length ts
length (merge ts; tso) + t-merge tsy ts
< 2« (length ts; + length tsy) + 1

tins_tree t ts + length (ins_tree t ts) = 2 + length ts
length (merge ts; tsy) + t-merge ts; ts
< 2 «* (length tsy + length tso) + 1

Yields desired linear bound! Yields desired linear bound!

171
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Complexity of Merge

Calling Inhibit failed
The name org. gnome

merge (t # ts1) (o # tsy) =

(if rank t, < rank t; then t; # merge ts) (ta # 1)

else if rank &, < rank t; then t, # merge (t # ts1) ts
else ins_tree (link t &) (merge ts; tsy))

Complexity of ins_tree call depends on length of result of
recursive call.

Naive: length (merge ts) ts2) < length ts; + length ts
Yields (roughly) m n = m (n—2) + n quadratic!

Complexity of Merge
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(* Author: Peter Lammich *)
section <Binomial Heaps:
theory BinHeap
imports Complex_Main
./../Public/Thys/Priority_Queue"
eap_Prelim"
beginl
text <
We formalize the binomial heap presentation from Okasaki's book.
We show the functional correctness and complexity of all operations.

The presentation is engineered for simplicity, and most
proofs are straightforward and automatic.

subsection <Binomial Tree and Heap Datatype:
datatype 'a tree = Node (rank: nat) (root: 'a) (children: "'a tree list")
type_synonym 'a heap = "'a tree list"
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definition strictly_descending :: :linorder list = bool"
where

"strictly_descending xs = sorted (rev xs) A distinct xs"

text <The sequence <[r-1,...,0]>: >
definition compl_descending :: "nat = nat list = bool" where
"compl_descending r ns «— (ns = rev [0..<r])"

lemma strictly_descending_alt:
"strictly_descending = strictly_ascendina o rev"
unfolding strictly_descending_def strictly_ascending_def by auto

lemma strictly_ascending_Nil[simp, intro!]: "strictly_ascending []"
unfolding strictly_ascending_def by auto

lemma strictly_ascending_Cons[simp]:
"strictly_ascending (x#xs) «— strictly_ascending xs A (Vyeset xs. x<y)"
unfolding strictly_ascending_def using le_neq_trans
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The presentation is engineered for simplicity, and most
proofs are straightforward and automatic.

subsection <Binomial Tree and Heap Datatype>
datatype 'a tree = Node (rank: nat) (root: 'a) (children: "'a tree list")
type_synonym 'a heap = "'a tree list"

subsubsection <Multiset of elements>
fun mset_tree : ‘a::linorder tree = 'a multiset" where
"mset_tree (Node _ a c) = {#a#} + (> tc#mset cI mset_tree t)"

definition mset_heap :: "'a::linorder heap = 'a multiset" where
"mset_heap ¢ = () tec#mset c. mset_tree t)"

lemma mset_tree_simp_alt[simp]:
"mset_tree (Node r a c) = {#a#} + mset_heap c"
unfolding mset_heap_def by auto

declare mset_tree.simps[simp del]
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The presentation is engineered for simplicity, and most
proofs are straightforward and automatic.

subsection <Binomial Tree and Heap Datatype>
datatype ‘a tree = Node (rank: nat) (root: 'a) (children: "'a tree list")
type_synonym 'a heap = "'a tree list"

subsubsection <Multiset of elements:
fun mset_tree :: "'a::linorder tree = 'a multiset" where
"mset_tree (Node _ a c) = {#a#} + (D tc#mset c. mset_tree t)"

Eefinition mset_heap :: "'a::linorder heap = 'a multiset" where
"mset_heap ¢ = () te#mset c. mset_tree t)"

lemma mset_tree_simp_alt[simp]:
"mset_tree (Node r a c) = {#a#} + mset_heap c
unfolding mset_heap_def by auto

declare mset_tree.simps[simp del]
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subsubsection <Multiset of elements>
fun mset_tree :: a::linorder tree = 'a multiset" where
"mset_tree (Node _ a c) = {#a#} + (D tc#mset c. mset_tree t)"

4 Name

a) (children: "'a tree list")
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| [5 BinHeap.thy |
%m definition mset_heap :: "'a::linorder heap = 'a multiset" where
%:E\Turgthvjﬁ "mset_heap ¢ = (). te#mset c. mset_tree t)"
[E] RETLSeyl.thy
[ sorting.thy lemma mset_tree_simp_alt[simp]:
%:;&:{?::\uu "mset_tree (Node r a c) = {#a#} + mset_heap c"
[] Trie2.thy unfolding mset_heap_def by auto
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[ Heap Prelim.
[C] Leftist_Heap!
[5] Priority Que
[C] RET.thy

[£] RET_set.thy
[ sorting.thy
[£] Tree_additio
[E] Triel.thy
[E] Trie2.thy

definition bheap_invar :: "'a::linorder heap = bool" where
"bheap_invar c
+«— (Vteset c. btree_invar t) A (strictly_ascending (map rank c))"

text <Ordering (heap) invariant>
fun otree_invar :: " ilinorder tree = bool"
where

" (Node _ x c) «— (Vteset c. t A x < root t)"

definition oheap_invar :: "'a::linorder heap => bool" where
"oheap_invar ¢ «— (¥t€set c. otree_invar t)"

definition invar :: "'a::linorder heap = bool"™ where

"invar ts «— bheap_invar ts A oheap_invar ts"

text <The children of a node are a valid heap>

lemma children_oheap_invar:
"otree_invar (Node r v ts) — oheap_invar (rev ts)"
by (auto simp: oheap_invar_def)
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lver, [1"~2v] | "merge (ti#tsi) (tz#tsz) = (
if rank t1 < rank tz then ti#merge ts: (tz#tsz)

=) B lammich else if rank t2 < rank t; then t#merge (t.#ts:) ts2
'i:;': else ins_tree (link t; t2) (merge ts; tsz)
[E Public "
EThys

Eemma merge_rank_bound:
N "t' € set (merge ts; tsz2)"
5] BinHeap thy assumes "Vit'eset tsi. rank t < rank t'"
%m assumes "Vt'cset ts,. rank t < rank t'"
|5 priority Qued shows "rank t < rank t'"

lemma merge_simp2[simp]: "merge [] tsz = tsz" by (cases tsz) auto
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ES
| (EQ) "rank t; = rank t." 8
e using antisym_conv3 by blast 15
& sinteap.thy| |o@| then show ?case proof cases
(5] Heap Prelim,
[] Leftist_Heap. case LT
%&Hi@ﬂ then show ?thesis using 3
RET.tl .
Elret Seytthy by (force elim!: merge_rank_bound)
[] sorting.thy next
[E] Tree_additiol
[Z Triel.thy case GT
[ riez.thy then show ?thesis using 3
hu (Farea alimls marma ranlk haimdl =
4] [v]
qim| T+l (8]~ [ output [ query | Sledgehammer [ symbols |

[195.1 (5910/26714)

lisabelle,isabelle, UTF-8-lsabelle)/ ! o UG I

0: ~lehre/FDS/Publ. | 2 document paf

debian(0| _ |Ty| = |T234|!|

4 Isabelle2016-1 - BinHeap.thy
Fle Edit Search Markers Folding View Utilities Magros Plugins Help

OEdo & ¢ XEHE & C

&

Isabelle2016-1 - BinHeap.thy

OMB 9:53 AM

[217.1 (6577/26714)

G o« 4 0 BinHe ap.thy (~/lehre/FDS/Public/Thys/)

e T T shtlwws bheap_invar (merge ts: tsz)

using assms

@|proof (induction tsi: tsz rule: merge.induct)
case (3 t; ts; tz tsz)

Path; |[fhome¥

File Browser

from "3.prems” have [simp]: "btree_invar t;'

Public by auto
EiThys

consider (LT) "rank t: <
| (GT) "rank t; > rank t."
| (EQ) "rank ti = rank t:f]]

"btree_invar t:2"

[SeosuL [ ow3s [pbrepis | womeweunsea | « [@]

v ;Nam using antisym_conv3 by blast
%M&y @| then show ?case proof cases
Heap Prelim.
[ Leftist_Hzap. case LT
%M‘ljﬁ then show ?thesis using 3
RBT.th -
[E reT. Seyl.thy by (force elim!: merge_rank_bound)
[ sorting.thy next
[] Tree_additio
[ Triel thy case GT
[ rieathy then show ?thesis using 3
: hy (faorca aliml: maraa rank hound) o
d »
<l [v|: [2] = [output [ query [ sledgehammer | symbals |
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€2 4

consider (LT) "rank t; < rank t2"
i | (GT) "rank t; > rank t."
BThys | (EQ) “rank t: = rank tz"
using antisym_conv3 by b'LastI
@| then show ?case proof cases

[x] 5
~| Commands Plugir case (3 1 ts; t2 ts2) I
E Path: |/home ¥|

H from "3.prems" have [simp]: "btree_invar t." "btree_invar t:"

a by auto

[Sstoa s [=3e3s [ontepis | uomemwnooa [ €| @)

case LT
= orEmo | then show ?thesis using 3
5] BinHeap.thy by (force elil merge_rank_bound)
[&] Heap Prelim.
[ Leftist_Heap. next
%Priunty Que! case GT
RBT.th - .
(] reT Sey“hy then show ?thesis using 3
(] sorting thy by (force eli merge_rank_bhound)
[] Tree_additiof
[ Tried.thy next
Bl riezthy case [simp]: EQ
i D
Eaim| T+ [8] =] output [ query[ sledgehammer [ symbols
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01 BinHeap.thy (~flehre/FDS/Public/Thys/) - 0 BinHeap.thy (~/lehre/FDS/Public/Thys/) ]
et ! i €0 o : =l
from <bheap_invar ts> have = else if rank tz < rank ti: then t_merge (ti#tsi) tsz =
|| commands Pugir - X - Commands  Plugir X X -
§ eath: [ome~] ASC: "strictly_ascending (map rank ts)" and Bl Path; [romev] else t_ins_tree (link t: tz) (merge ts: tsz) + t_merge ts: tss Bl
2 [WFiter: [ ~2~ TINV: "Vtecset ts. btree_invar t" g ] Filter: [H{*~2 ¥ )" S
& /mm unfolding bheap_invar_def by auto 8 ome g
= B lammich Ds" lammich text <A crucial idea is to estimate the time in correlation with the %
S S
'i:;': have "(2::nat)"length ts = (> ie{0..<length ts}. 2°i) + 1" = 'i;’: result length, as each carry reduces the length of the result.: m
B 4|2 B - |8
[ Public by (simp add: power2sum) § [ public lemma 1_ins_tree_estimate: @
Ehys also have "... < (Y t—ts. 2"rank t) + 1" = [ Bhys "t_ins_tree t ts + length (ins_tree t ts) = 2 + length ts" =
- . . @2 . . . - @
using str:|.c:t'Ly_ascenﬂmg_sum_mono_lowerbound[OF ASC, of "op ~ (2::nat)"] g by (induction t ts rule: ins_tree.induct) auto iy
ES F
using power_increasing[where a="2::nat"] = =l
B ES
by (auto simp: o_def) 3 lemma 1_merge_estimate: 8
N also have "... = () t—ts. size (mset_tree t)) + 1" using TINV 3 e "length (merge ts: tsz) + t_merge ts; tsz < 2 * (length ts; + length tsz) + 1" =l
%M&h! by (auto cong: sum_list_cong simp: size_btree) %M apply (induction tsi tsz rule: t_merge.induct)
I - I . . - .
D% also have "... = size (mset_heap ts) + 1" Dm I apply (auto simp: 1_ins_tree_estimate algebra_simps)
5] Priority Qued unfolding mset_heap_def by (induction ts) auto (5] priorty Que done
[ rET.thy . - j [C] RET.thy
[C] RET_Set.thy finally show ?thesis . [C] RET_Set.thy
[E sorting.thy ced [ serting.thy text <Finally, we get the desired logarithmic bound:
[£] Tree_Additio [E] Tree_additiol i
[ Triel thy [ Triel.thy lemma t_merge_bound_aux:
[ Triez.thy subsubsection <Timing Functions: Eriez.thy fixes ts) tsz
+avt = . " — =
Ll [¥] 4 [l
Cim| [ :[8] = [ output [ query[ sledgehammer [ symbols | im| 71 (8]~ [ output [ Query| Sledgehammer [ symbols
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DEd@E & 9 ¢ XDE @@ C @ DEdE & 9¢ XHE 8@ 0 OED ()
[ BinHeap. thy (~/lehre/FDS/Public/Thys/) I [0 BinHeap.thy (~/lehre/FDS/Public/Thys/) 7
LR Iy g e® e : . - NE
== by (induction 1 arbitrary: s) auto ==
[+ commands Plugir . - ~ | Commands Plugir -
5 path [homev] lemma 1_merge_estimate: E @ Path [h E
£ [l Fiter: ~ "length (merge ts: tsz) + t_merge ts: ts> < 2 * (length ts: + length tsz) + 1" g £ |V Filter: lemma t_fold_bounded_bound: g
ﬁhnm apply (induction ts; ts. rule: t_merge.induct) 3 @ ’hum assumes "V¥x s. xeset 1 — t f x s < K" g
2B || =
= B 1ammich apply (auto simp: 1_ins_tree_estimate algebra_simps) g’ = B 1ammich shows "t_fold t_f f 1 s < K*length 1 + 1" g’
B ehre done il Biehre using assms fa]
§ [ public apply (induction 1 arbitrary: s) @
Ehys text <Finally, we get the desired logarithmic bound> = (& B Thys apply (simp; fail) - &
@ «
lemma t_merge_bound_aux: g using add_mono Y
kS 5
fixes ts; tso = by (fastforce simp: algebra_simps) =
E ES
defines "n, = size (mset_heap tsi)" § §
T = | I defines "n; = size (mset_heap tsz)" 13 T =nema| thm rev_conv_fold -- <Theorem used Ey code generator» 1)
%M&M assumes BINVARS: "bheap_invar ts;" "bheap_invar tsz" %MM definition "t_rev xs = t_fold (A_ _. 1) op # xs []"
Hs Prel H Prelit
Dﬁﬁ shows "t_merge ts: tsz < 4*log 2 (n1 + n2 + 1) + 2" Dﬁlﬁ lemma t_rev_bound: "t_rev xs = length xs + 1"
5] Priority Quey proof - (5] Priority Qued unfolding t_rev_def t_fold_const_bound by auto S
[E] RaT.thy . " . [C]RET.thy
[l ReT set.thy define n where "n = n; + ny [l RET_set.thy
[J sorting.thy [ Sorting thy definition t_delete_min :: "'a::linorder heap = nat"
[£] Tree_additio . [£] Tree_additio
[ TrieLthy from 1_merge_estimate[of ts; ts:] [l Triel thy where
[ Trie2.thy have "t_merge ts; tsz < 2 * (length ts; + length tsz) + 1" by auto [Elmez.thy "t_delete_min ts = t_get _min ts + (case get_min ts of (Node _ x ts;, ts3)
~. ~pD ok " =] + rov te. + t marna (rav ts.)\ + =]
L [o] < D]
g 7] [B] > output [ query[ sledgehammer | symbols | | T3] (2] =] output | query[ sledgenammer [ symbols |
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01 BinHeap.thy (~flehre/FDS/Public/Thys/) - 0 BinHeap.thy (~/lehre/FDS/Public/Thys/) ]
€% & .. : : W (e [>] € e : " ([
shows "t_get_min ts < log 2 (size (mset_heap ts) + 1) == lemma t_delete_min_bound_aux: =
|| commands Pugir . X A 3 ~ ~| commands Plugir ; -
5| Path: [home~] using assms t_get_min_bound_aux unfolding invar_def by blast = o Fath: [ome] fixes ts ol
2 Iy =4 ® — . N o
= [ Fiter: [{[~~2~ g 3 [ Fiter: [¥ defines "n = size (mset_heap ts)" S
5 hnm thm fold_simps =-- <Theorems used by code generator» = o B home assumes BINVAR: "bheap_invar ts" o
= B || B
= B lammich fun t_fold :: "('a = 'b = nat) = ('a = 'b = 'b) = 'a list = 'b = nat" Ds" = assumes "ts#£[]" %
S S
'i:;': where =~ shows "t_delete_min ts < 6 * log 2 (n+l) + 3" =1
=, - 2 - &
[ Public "t_fold t_f f [] s = 1" s B public proof - s
Ehys | "t_fold t f f (x #xs) s=t_fxs+t_fold t_ffxs (fxs)" = = Bhys obtain r x ts; ts. where GM: "get_min ts = (Node r x ts,, ts2)" = [
@ 9
g by (metis surj_pair tree.exhaust_sel) iy
ES F
text <Estimation for constant function is enough for our purpose> = =l
B ES
lemma t_fold_const_bound: 3 note BINVAR' = get_min_bheap_invar[OF GM <ts#[]> BINVAR] 8
N shows "t_fold (A_ _. K) f 1 s = K¥length 1 + 1" 3 e hence BINVARL: "bheap_invar (rev ts;)" by (blast intro: children_bheap_invar) 15
%% by (induction 1 arbitrary: s) auto %%
D“’;Lemgtﬁeap D“iﬁmgweap define n, where "n; = size (mset_heap ts;)" 3
%@‘_ﬁﬁ Eemma t_fold_bounded_bound: %&Hi@ﬂ define n- where "n- = size (mset_heap ts:)"
RET.tl RET.tl =
B rat Ssyt.thy assumes "Vx s, xeset 1 — t_f x s < K" [ reT Seytthy I =
%Sumﬂg-ﬂw shows "t_fold t f f 1 s < K¥length 1 + 1" SSW"S‘(W have t_rev_tsl_bound: "t_rev ts; < 1 + log 2 (n+1)"
Tree_Additio . Tree_Additiol
[2] Triel thy using assms [Z Triel.thy proof -
[ Triez.thy apply (induction 1 arbitrary: s) B riezthy note t_rev_tsl_bound_aux[OF BINVAR1, simplified, folded ni_def]
“ann'l\r (simn: faill i —alsa hava 'n nt 5
[ vl [B ]~ [ output [ query [ Sledgehammer | symbols | Q| T+l (8]~ [ output [ query | Sledgehammer [ symbols |
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[ BinHeap. thy (~/lehre/FDS/Public/Thys/) [0 BinHeap.thy (~/lehre/FDS/Public/Thys/)
se 4 fixes ts C X case (7 q x) =]
[+ commands Plugir . N X B ~ | Commands Plugir i
5 path [home~ defines "n = size (mset_heap ts) § Path [fome~, then show ?case by simp
“invar ts" £ [ Filter; [*~~2| next
Bl — ————
assumes "ts#[]" ;’ case (8 q)

shows "t_delete_min ts < 6 * log 2 (n+l) + 3"
using assms t_delete_min_bound_aux unfolding invar_def by blast

then show ?case by simp
qed

B public
EiThys

subsition <Instantiating the Priority Queue Locale> =1
(* Exercise? *)
interpretation binheap: subsection <Combined Find and Delete Operation>

Priority_Queue "[]" "op = []" ins find_min delete_min invar mset_heap

1

[Seuoeut [ ssess [ wpbrepis |uomessunsea | 4 &)
1

[Sstoa 0L [=3e3s [ontepis [uomemwnoa [ ¢ | B)

T lame | 0O|proof (unfold_locales, goal_cases) o ame | text «We define an operation that returns the minimum element and
%M&y case 1 %MM‘{ a heap with this element removed. >
Heap Prelim. . - Heap Prelim. s . - . . . . " -
] Leftist_Heap then show ?case by simp = [] Lettist_Heap, definition pop_min a::linorder heap = ‘a x ‘a::linorder heap =
%Prmnty Que: next %Priunty Que! where
RBT.th RBT.th - .
Elret Sey(.thy case (2 ¢) [ rer Sey“hy "pop_min ts = (case get_min ts of (Node _ x ts;, ts2)
[ sorting.thy then show 7case by auto M [ Sorting thy = (x,merge (rev tsi) tsz)
[] Tree_additio [] Tree_additiof
[E] Triel thy next [E] Triel thy )EI
[£] Trie2.thy case (3 q x) [ riez.thy
—thon_cho. 2ease b suto o Lamma_soe_min_refina: i
< D < »
g 7] [B] > output [ query[ sledgehammer | symbols | | T3] (2] =] output | query[ sledgehammer [ symbols
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